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PREFACE 


In this book, for the first time we introduce the notion of 
neutrosophic algebraic structures for groups, loops, semigroups 
and groupoids and also their neutrosophic N-algebraic structures. 


One is fully aware of the fact that many classical theorems like 
Lagrange, Sylow and Cauchy have been studied only in the 
context of finite groups. Here we try to shift the paradigm by 
studying and introducing these theorems to neutrosophic 
semigroups, neutrosophic groupoids, and neutrosophic loops. 
We have intentionally not given several theorems for 
semigroups and groupoid but have given several results with 
proof mainly in the case of neutrosophic loops, biloops and N- 
loops. 


One of the reasons for this is the fact that loops are 
generalizations of groups and groupoids. Another feature of this 
book is that only meager definitions and results are given about 
groupoids. But over 25 problems are suggested as exercise in 
the last chapter. For groupoids are generalizations of both 
semigroups and loops. 


This book has seven chapters. Chapter one provides several 
basic notions to make this book self-contained. Chapter two 
introduces neutrosophic groups and neutrosophic N-groups and 
gives several examples. The third chapter deals with 
neutrosophic semigroups and neutrosophic N-semigroups, 
giving several interesting results. Chapter four introduces 
neutrosophic loops and neutrosophic N-loops. We introduce 
several new, related definitions. In fact we construct a new class 
of neutrosophic loops using modulo integer Z,, n > 3, where n is 


odd. Several properties of these structures are proved using 
number theoretic techniques. Chapter five just introduces the 
concept of neutrosophic groupoids and neutrosophic N- 
groupoids. Sixth chapter innovatively gives mixed neutrosophic 
structures and their duals. The final chapter gives problems for 
the interested reader to solve. Our main motivation is to attract 
more researchers towards algebra and its various applications. 


We express our sincere thanks to Kama Kandasamy for her help 
in the layout and Meena for cover-design of the book. The 
authors express their whole-hearted  gratefulness to 
Dr.K.Kandasamy whose invaluable support and help, and 
patient proofreading contributed to a great extent to the making 
of this book. 


W.B.VASANTHA KANDASAMY 
FLORENTIN SMARANDACHE 
2006 


Chapter One 


INTRODUCTION 


In this chapter we introduce certain basic concepts to make this 
book a self contained one. This chapter has 5 sections. In 
section one the notion of groups and N-groups are introduced. 
Section two just mentions about semigroups and N-semigroups. 
In section 3 loops and N-loops are recalled. Section 4 gives a 
brief description about groupoids and their properties. Section 5 
recalls the mixed N algebraic structure. 


1.1 Groups, N-group and their basic Properties 


It is a well-known fact that groups are the only algebraic 
structures with a single binary operation that is mathematically 
so perfect that an introduction of a richer structure within it is 
impossible. Now we proceed on to define a group. 


DEFINITION 1.1.1: 4 non empty set of elements G is said to 
form a group if in G there is defined a binary operation, called 
the product and denoted by '*' such that 


i. a, b € Gimplies that a * b & G (closed). 


ii. a, b,c © G implies a * (b*c) = (a * b) © c (associative 
law). 

iii. There exists an element e € G such thata*e =e*a= 
a for alla é€ G (the existence of identity element in G). 

iv. For every a é€ G there exists an element a’ €Gsuch 


thatara'=a'*a=e (the existence of inverse in G). 


DEFINITION 1.1.2: A subgroup N of a group G is said to be a 
normal subgroup of G if for every g eGandn EN, gn g! EN. 


Equivalently by gNg" we mean the set of all eng”, neN 
then N is a normal subgroup of G if and only if gNg" CN for 
every g EG. 


THEOREM 1.1.1: N is a normal subgroup of G if and only if 
gNg" =N for every g € G. 


DEFINITION 1.1.3: Let G be a group. Z(G) = {x € G| gx = xg 
for all g &€ G}. Then Z(G) is called the center of the group G. 


DEFINITION 1.1.4: Let G be a group, A, B be subgroups of G. If 
x,y € Gdefine x ~y ify = axb for some a € A and b € B. We 
call the set AxB = {axb/a € A, b € B} a double coset of A, B in 
G. 


DEFINITION 1.1.5: Let G be a group. A and B subgroups of G, 
we say A and B are conjugate with each other if for some g € 
G, A = gBg". 


Clearly if A and B are conjugate subgroups of G then 0(A) = 
o(B). 


THEOREM: (LAGRANGE). If G is a finite group and H is a 
subgroup of G then o(H) is a divisor of 0(G). 


COROLLARY 1.1.1: Jf G is a finite group and a é€ G, then o(a) / 
0(G). 


COROLLARY 1.1.2: Jf G is a finite group anda e€ G, thena ioe 
=e, 


In this section we give the two Cauchy's theorems one for 
abelian groups and the other for non-abelian groups. The main 
result on finite groups is that if the order of the group is n (n < 
oc) if p is a prime dividing n by Cauchy's theorem we will 


always be able to pick up an element a € G such that a? = e. In 
fact we can say Sylow's theorem is a partial extension of 
Cauchy's theorem for he says this finite group G has a subgroup 


of order p"(a > 1, p, a prime). 


THEOREM: (CAUCHY'S THEOREM FOR ABELIAN GROUPS). 
Suppose G is a finite abelian group and p / 0(G), where p is a 
prime number. Then there is an element a #e € G such that a? 
=e. 


THEOREM: (CAUCHY): [f p is a prime number and p | 0(G), 
then G has an element of order p. 


Though one may marvel at the number of groups of varying 
types carrying many different properties, except for Cayley's we 
would not have seen them to be imbedded in the class of groups 
this was done by Cayley's in his famous theorem. Smarandache 
semigroups also has a beautiful analog for Cayley's theorem 
which is given by A(S) we mean the set of all one to one maps 
of the set S into itself. Clearly A(S) is a group having n! 
elements if o(S) = n < «, if S is an infinite set, A(S) has 
infinitely many elements. 


THEOREM: (CAYLEY) Every group is isomorphic to a 
subgroup of A(S) for some appropriate S. 


The Norwegian mathematician Peter Ludvig Mejdell Sylow was 
the contributor of Sylow's theorems. Sylow's theorems serve 
double purpose. One hand they form partial answers to the 
converse of Lagrange's theorem and on the other hand they are 
the complete extension of Cauchy's Theorem. Thus Sylow's 
work interlinks the works of two great mathematicians 
Lagrange and Cauchy. The following theorem is one, which 
makes use of Cauchy's theorem. It gives a nice partial converse 
to Lagrange's theorem and is easily understood. 


THEOREM: (SYLOW'S THEOREM FOR ABELIAN GROUPS) Jf G 
is an abelian group of order o0(G), and if p is a prime number, 


such that p® | o(G), po + 0(G), then G has a subgroup of order 
a 
Pp - 


COROLLARY 1.1.3: Jf G is an abelian group of finite order and 
p’ | o(G), iad + 0(G), then there is a unique subgroup of G of 
order p*. 


DEFINITION 1.1.6: Let G be a finite group. A subgroup G of 
order p*, where p®/ 0(G) but p®*? o(G), is called a p-Sylow 
subgroup of G. Thus we see that for any finite group G if p is 
any prime which divides 0(G); then G has a p-Sylow subgroup. 


THEOREM (FIRST PART OF SYLOW'S THEOREM): Jf p is a 
prime number and p°/ 0(G) and p*"' + 0(G), G is a finite group, 


then G has a subgroup of order p*. 


THEOREM: (SECOND PART OF SYLOW'S THEOREM): /f G is a 
finite group, p a prime and p" | o(G) but a 40(G), then any 
two subgroup of G of order p" are conjugate. 


THEOREM: (THIRD PART OF SYLOW'S THEOREM): The 
number of p-Sylow subgroups in G, for a given prime, is of the 
form 1 + kp. 


DEFINITION 1.1.7: Let {G, *), ..., *\ be a non empty set with N 
binary operations. {G, *), ..., *y} is called a N-group if there 
exists N proper subsets Gj,..., Gy of G such that 


i. G=G; UG?...UGN. 
ii. (Gj, *;) is a group fori = 1, 2, ..., N. 


We say proper subset of G if G; ¢ G; and G; ¢ G; ifi 4j for 1 < 
i,j SN. When N = 2 this definition reduces to the definition of 
bigroup. 

DEFINITION 1.1.8: Let {G, *), ..., *y} be a N-group. A subset H 
(4 @ of a N-group (G, *), ..., *x) is called a sub N-group if H 
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itself is a N-group under *), *2, ..., *y , binary operations 
defined on G. 


THEOREM 1.1.2: Let (G, *), ..., *y) be a N-group. The subset H 
# dof a N-group G is a sub N-group then (H, *;) in general are 
not groups for i =1, 2, ..., N. 


DEFINITION 1.1.9: Let (G, *), ..., *\) be a N-group where G = 
G; UG? VU... UGy. Let (H, *), ..., *y) be a sub N-group of (G, 
*1, ... *y) where H = H; UH? VU... UHy we say (H, *},..., *n) 
is anormal sub N-group of (G, *), ..., *x) if each Hj is a normal 
subgroup of G; for i = 1, 2,..., N. 

Even if one of the subgroups H; happens to be non normal 
subgroup of G; still we do not call H a normal sub-N-group of 
the N-group G. 


DEFINITION 1.1.10: Let (G = G; UG? u... UGn, *), *2..., *n) 
and (K = K; UK? U... UKn, *)..., *x) be any two N- groups. 
We say a map ¢: G > K to be a N-group homomorphism if ¢ | 
G; is a group homomorphism from G; to K; for i = 1, 2,..., N. 
ied F :G, >K, is a group homomorphism of the group G; to 


the group K;; for i = 1, 2, ..., N. 


1.2 Semigroups and N-semigroups 


In this section we just recall the notion of semigroup, 
bisemigroup and N-semigroups. Also the notion of symmetric 
semigroups. For more refer [49-50]. 


DEFINITION 1.2.1: Let (S, 0) be anon empty set S with a closed, 
associative binary operation ‘o’ on S. (S, 0) is called the 
semigroup i.e., fora, b €S,aobes. 


DEFINITION 1.2.2: Let S(n) denote the set of all mappings of (1, 
2, ..., n) to itself S(n) under the composition of mappings is a 
semigroup. We call S(n) the symmetric semigroup of order n". 


DEFINITION 1.2.3: Let (S = S; US: * o) be a non empty set 
with two binary operations * and o S is a bisemigroup if 
i. S = S$; US, S; and S) are proper subsets of S. 
ii. (Si, *) is a semigroup. 
iii. (S2, 0) is a semigroup. 


More about bisemigroups can be had from [48-50]. Now we 
proceed onto define N-semigroups. 


DEFINITION 1.2.4: Let S = (S; US) VU... USy, *), * «.., *x) be 
anon empty set with N binary operations. S is a N-semigroup if 
the following conditions are true. 
i. S = S) US) U... USy is such that each S; is a proper 
subset of S. 
il. (S;, *;) is a semigroup for 1, 2, ..., N. 


We Just give an example. 


Example 1.2.1: Let S = {S,; U S) U S83 U Sa *1, *2, *3, *4} 
where 


S: = Zp, semigroup under multiplication modulo 12, 
S. =  S(4), symmetric semigroup, 
S; =  Z semigroup under multiplication and 


AE 


S is a 4-semigroup. 


a,b,c,de Zo} under matrix multiplication. 


1.3 Loops and N-loops 


We at this juncture like to express that books solely on loops are 
meager or absent as, R.H.Bruck deals with loops on his book "4 
Survey of Binary Systems", that too published as early as 1958, 
[3]. Other two books are on "Quasigroups and Loops" one by 
H.O. Pflugfelder, 1990 which is introductory and the other book 
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co-edited by Orin Chein, H.O. Pflugfelder and J.D. Smith in 
1990 [25]. So we felt it important to recall almost all the 
properties and definitions related with loops [3, 47]. We just 
recall a few of the properties about loops which will make this 
book a self contained one. 


DEFINITION 1.3.1: 4 non-empty set L is said to form a loop, if 
on L is defined a binary operation called the product denoted by 
‘e’ such that 


i. For alla, b € L we have a eb €L (closure property). 
ii. There exists an element e € L such thata ee =e ea = 
a for alla EL (e is called the identity element of L). 
iii. For every ordered pair (a, b) € L x L there exists a 


unique pair (x, y) in L such that ax = b and ya = b. 


DEFINITION 1.3.2: Let L be a loop. A non-empty subset H of L 
is called a subloop of L if H itself is a loop under the operation 


of L. 


DEFINITION 1.3.3: Let L be a loop. A subloop H of L is said to 
be anormal subloop of L, if 


i. xH = Hx. 
ii. (Hx)y = H(xy). 
iil. V(x) = (yx)H 


forallx,y EL. 


DEFINITION 1.3.4: A loop L is said to be a simple loop if it does 
not contain any non-trivial normal subloop. 


DEFINITION 1.3.5: The commutator subloop of a loop L 
denoted by L' is the subloop generated by all of its commutators, 
that is, {x EL /x = (y, z) for some y, z € L}) where for A CL, 
(A) denotes the subloop generated by A. 


DEFINITION 1.3.6: Jf x, y and z are elements of a loop L an 
associator (x, y, z) is defined by, (xv)z = (x(vz)) (x, y, Z). 


DEFINITION 1.3.7: The associator subloop of a loop L (denoted 
by A(L)) is the subloop generated by all of its associators, that 
is ({x EL /x =(a, b, c) for some a, b,c € L}). 


DEFINITION 1.3.8: The centre Z(L) of a loop L is the 
intersection of the nucleus and the Moufang centre, that is Z(L) 
= C(L) NN(L). 


DEFINITION [35]: 4 normal subloop of a loop L is any subloop 
of L which is the kernel of some homomorphism from L to a 
loop. 


Further Pflugfelder [25] has proved the central subgroup Z(L) of 
a loop L is normal in L. 


DEFINITION [35]: Let L be a loop. The centrally derived 
subloop (or normal commutator- associator subloop) of L is 
defined to be the smallest normal subloop L' CL such that L / L' 
is an abelian group. 

Similarly nuclearly derived subloop (or normal associator 
subloop) of L is defined to be the smallest normal subloop L; Cc 
L such that L / L; is a group. Bruck proves L' and Lj are well 
defined. 


DEFINITION [35]: The Frattini subloop ¢(L) of a loop L is 
defined to be the set of all non-generators of L, that is the set of 
all x € L such that for any subset S of L, L = (x, S) implies L = 
(S). Bruck has proved as stated by Tim Hsu ¢(L) CL and L / 
G(L) is isomorphic to a subgroup of the direct product of groups 
of prime order. 


DEFINITION [22]: Let L be a loop. The commutant of L is the set 
(L) = fa €L/ax =xa Vx EL}. The centre of L is the set of all 
a © C(L) such that a exy = ax ey =x eay =xa eyand xy ea 
=x eya for all x, y € L. The centre is a normal subloop. The 
commutant is also known as Moufang Centre in literature. 
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DEFINITION [23]: 4 left loop (B, ¢) is a set B together with a 
binary operation 'e' such that (i) for each a € B, the mapping x 
+a ex is a bijection and (ii) there exists a two sided identity 
1eB satisfying 1 ex =x e1 =x for everyx €B. A right loop is 
defined similarly. A loop is both a right loop and a left loop. 


DEFINITION [11] : 4 loop L is said to have the weak Lagrange 
property if, for each subloop K of L, |K| divides |L|. It has the 
strong Lagrange property if every subloop K of L has the weak 
Lagrange property. 


DEFINITION 1.3.9: 4 loop L is said to be power-associative in 
the sense that every element of L generates an abelian group. 


DEFINITION 1.3.10: 4 loop L is diassociative loop if every pair 
of elements of L generates a subgroup. 


DEFINITION 1.3.11: 4 loop L is said to be a Moufang loop if it 
satisfies any one of the following identities: 


i (xy) (2x) = (x(yz))x 
ti. ((xy)z)y = x(v(zy)) 
ili. x(V(xzZ) = ((xy)x)z 
forallx, y,z EL. 


DEFINITION 1.3.12: Let L be a loop, L is called a Bruck loop if 
x(yx)z = x(y(xz)) and (xy)! = xy" for allx,y,z EL. 


DEFINITION 1.3.13: 4 loop (L, ¢) is called a Bol loop if ((xv)z)y 
= x((yz)y) for all x, y, z € L. 


DEFINITION 1.3.14: 4 loop L is said to be right alternative if 
(xy)y = x(vy) for all x, y € L and L is left alternative if (xx)y = 
x(xy) for all x, y € L. L is said to be an alternative loop if it is 
both a right and left alternative loop. 


DEFINITION 1.3.15: 4 loop (L, ¢) is called a weak inverse 
property loop (WIP-loop) if (xy)z = e imply x(yz) = e for all x, y, 
zeéeL. 


DEFINITION 1.3.16: A loop L is said to be semi alternative if (x, 
y, Z) = (, Z, x) for all x, y, z € L, where (x, y, z) denotes the 
associator of elements x, y, z € L. 


THEOREM (MOUFANG'S THEOREM): Every Moufang loop G is 
diassociative more generally, if a, b, c are elements in a 
Moufang loop G such that (ab)c = a(bc) then a, b, c generate an 
associative loop. 


The proof is left for the reader; for assistance refer Bruck R.H. 


[3]. 


DEFINITION 1.3.17: Let L be a loop, L is said to be a two 
unique product loop (t.u.p) if given any two non-empty finite 
subsets A and B of L with |A| + |B| > 2 there exist at least two 
distinct elements x and y of L that have unique representation in 
the from x = ab and y = cd witha, c © Aandb,d EB. 

A loop L is called a unique product (u.p) loop if, given A 
and B two non-empty finite subsets of L, then there always exists 
at least one x € L which has a unique representation in the from 
x =ab, witha © Aandb EB. 


DEFINITION 1.3.18: Let (L, ¢) be a loop. The principal isotope 
(L, *) of (L, © with respect to any predetermined a, b é L is 
defined by x *y = XY, for all x, y € L, where Xa =x and bY =y 
for some X, Y EL. 


DEFINITION 1.3.19: Let L be a loop, L is said to be a G-loop if 
it is isomorphic to all of its principal isotopes. 


The main objective of this section is the introduction of a new 
class of loops with a natural simple operation. As to introduce 
loops several functions or maps are defined satisfying some 
desired conditions we felt that it would be nice if we can get a 
natural class of loops built using integers. 

Here we define the new class of loops of any even order, 
they are distinctly different from the loops constructed by other 
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researchers. Here we enumerate several of the properties 
enjoyed by these loops. 


DEFINITION [41]: Let L,(m) = fe, 1, 2, ..., n} be a set where n 
> 3, n is odd and m is a positive integer such that (m, n) = 1 
and (m —1, n) = 1 withm <n. 

Define on L;(m) a binary operation 'e' as follows: 


i. e ei =i ee =i foralli €L,(m) 
ii. i =iei=eforalli €L,(m) 


iii. i oj =t where t = (mj —(m — 1)i) (mod n) 


for all i,j € Ly,(m); i #j, i #e andj #e, then L,(m) is a loop 
under the binary operation 'e'. 


Example 1.3.1: Consider the loop L5(2) = {e, 1, 2, 3, 4, 5}. The 
composition table for L5(2) is given below: 


This loop is of order 6 which is both non-associative and non- 
commutative. 


Physical interpretation of the operation in the loop Ly,(m): 


We give a physical interpretation of this class of loops as 
follows: Let Ln(m)= {e, 1, 2, ... , n} be a loop in this identity 
element of the loop are equidistantly placed on a circle with e as 
its centre. 

We assume the elements to move always in the clockwise 
direction. 


Let i, j € La(m) (i 4j,1 4, j #e). Ifj is the r” element from i 
counting in the clockwise direction the i e j will be the (" 
element from j in the clockwise direction where t = (m —1)r. We 
see that in general i e j need not be equal to j ei. When i=j we 
define i’ =e andiee=eei=iforallic L,(m) and e acts as 
the identity in L,(m). 


Example 1.3.2: Now the loop L7(4) is given by the following 
table: 


pete [i] 2/3 ]4 {5/617 | 
Rare ees EERE ee 
at Pte (eS) 262 [23] [ay 
PIPES ESE ese s ee 


18 


Let 2, 4 € L7(4). 4 is the 2™ element from 2 in the clockwise 
direction. So 2.4 will be (4 — 1)2 that is the 6" element from 4 
in the clockwise direction which is 3. Hence 2.4 = 3. 


Notation: Let L, denote the class of loops. Ln(m) for fixed n 
and various m's satisfying the conditions m < n, (m, n) = | and 
(m — 1, n) = 1, that is L, = {La(m) | n> 3, n odd, m <n, (m, n) = 
1 and (m-1, n) = 1}. 


Example 1.3.3: Let n= 5. The class Ls contains three loops; viz. 
L;(2), L5(3) and L5(4) given by the following tables: 
L5(2) 


L;(3) 


L5(4) 


THEOREM [27]: Let L, be the class of loops for any n > 3, if 
n= pi" p?...pi (a@ > 1, fori = 1, 2, ... , kj), then |£y| = 
k 

II(p, - 2) p' where |Ly| denotes the number of loops in Ly. 


i=l 
The proof is left for the reader as an exercise. 


THEOREM [27]: L, contains one and only one commutative loop. 
This happens when m = (n + 1) / 2. Clearly for this m, we have 
(m, n) = 1 and (m—1,n) = 1. 


It can be easily verified by using simple number theoretic 
techniques. 


THEOREM [27]: Let L, be the class of loops. If 
n= pi ps’... py, then Ly contains exactly F, loops which are 


k 
strictly non-commutative where Fy = (p, -3) per. 


The proof is left for the reader as an exercise. 


Note: If n = p where p is a prime greater than or equal to 5 then 
in L, a loop is either commutative or strictly non-commutative. 
Further it is interesting to note if n = 3t then the class Ly does 
not contain any strictly non-commutative loop. 


THEOREM [32]: The class of loops Ly contains exactly one left 
alternative loop and one right alternative loop but does not 
contain any alternative loop. 


Proof: We see L,(2) is the only right alternative loop that is 
when m = 2 (Left for the reader to prove using simple number 
theoretic techniques). When m = n —1 that is L,(n —1) is the only 
left alternative loop in the class of loops Lp. 

From this it is impossible to find a loop in Ly, which is 
simultaneously right alternative and left alternative. Further it is 
clear from earlier result both the right alternative loop and the 
left alternative loop is not commutative. 
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THEOREM [27]: Let Ly, be the class of loops: 


i. LL, does not contain any Moufang loop. 
ii. Ly, does not contain any Bol loop. 
iii. Ly, does not contain any Bruck loop. 


The reader is requested to prove these results using number 
theoretic techniques. 


THEOREM [41]: Let L,(m) € L,. Then L,(m) is a weak inverse 
property (WIP) loop if and only if (m? —m + 1) =0(mod n). 


Proof: It is easily checked that for a loop to be a WIP loop we 
have "if (xy)z = e then x(yz) = e where x, y, z € L." Both way 
conditions can be derived using the defining operation on the 
loop Lat). 


Example 1.3.4: L be the loop L7(3) = {e, 1, 2, 3, 4, 5, 6, 7} be 
in L7 given by the following table: 


It is easily verified L7(3) is a WIP loop. One way is easy for (m? 


—m-+ 1)=0 (mod 7) that is 9-3 + 1=9+4+1=0O(mod 7). It 
is interesting to note that no loop in the class Ly contain any 
associative loop. 
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THEOREM [27]: Let L, be the class of loops. The number of 
strictly non-right (left) alternative loops is P, where 


k k 
P. = T(p, —3)p*" and n=I1 pi". 


The proof is left for the reader to verify. 
Now we proceed on to study the associator and the 


commutator of the loops in Ly. 


THEOREM [27]: Let L,(m) © Ly. The associator A(L,(m)) = 
Ly(m). 


For more literature about the new class of loops refer [41, 47]. 


DEFINITION 1.3.20: Let (L, *), ..., *y) be a non empty set with 
N binary operations *,. L is said to be a N loop if L satisfies the 
following conditions: 


i. L=L1; UL? vu ...U Ly where each L; is a proper 
subset of L; i.e, Lj ELjor L; EL ifi 4j for 1 <i, j < 
N. 
ii. (Li, *;) is a loop for some i, 1 Si SN. 
iii. (L;, *;) is a loop or a group for some j, 1 <j SN. 


For a N-loop we demand atleast one (L;, *;) to be a loop. 


DEFINITION 1.3.21: Let (L =L; UL2 v... ULn, *), ..., *n) be 
a N-loop. L is said to be a commutative N-loop if each (Lj, *;) is 
commutative, i = 1, 2, .... N. We say L is inner commutative if 
each of its proper subset which is N-loop under the binary 
operations of L are commutative. 


DEFINITION 1.3.22: Let L = {L; UL2 uv... ULn, *1, *2, «.., *n} 
be a N-loop. We say L is a Moufang N-loop if all the loops (Li, 
*;) satisfy the following identities. 


i (xy) (2x) = (x(yz))x 
ti. ((xy)z)y = x(y(zy)) 
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iii. x(v(xz)) = (xy)x)z 
forallx, y,z €L,i=1, 2, ..., N. 
Now we proceed on to define a Bruck N-loop. 


DEFINITION 1.3.23: Let L = (Lj UL? vu... ULn, *7, ..., *y) be 
a N-loop. We call L a Bruck N-loop if all the loops (Li, *;) 
satisfy the identities 


i. (x(yz))z = x(y(xz)) 
il. (xy)! = xy! 


forallx,y €L, i= 1, 2, ..., N. 


DEFINITION 1.3.24: Let L = (L; UL2 v... ULN, *), «.., *y) be 
a N-loop. A non empty subset P of L is said to be a sub N-loop, 
if P is a N-loop under the operations of L i.e., P = {P} UP2 VU 
P3U... UPn, *), ..., *n} with each {P;, *;} is a loop or a group. 


DEFINITION 1.3.25: Let L = {L; UL? vu... ULn, *1, ..., *n} be 
a N-loop. A proper subset P of L is said to be a normal sub N- 


loop of L if 


i. P is a sub N-loop of L. 
il. x; P; = P; x; for all x; € Li. 
iii. Vi (4; Pi) = (Vix) P; for all x;y; € Lj. 


A N-loop is said to be a simple N-loop if L has no proper 
normal sub N-loop. 


Now we proceed on to define the notion of Moufang center. 


DEFINITION 1.3.26: Let L = {L; UL? vu... ULn, *), ..., *nf be 
a N-loop. We say Cn(L) is the Moufang N-centre of this N-loop 
if Cn(L) = Ci(L1) U Cro(L2) VU... U Cn(Zn) where Ci(Lj) = {i € 
Li / xi ¥i = ix; for all y; € Li}, i =I, 2, ..., N. 
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DEFINITION 1.3.27: Let L and P to two N-loops i.e. L = {L] VU 
Lov... ULN, e7 eu3 * and P = {P) UP) VU... UPN, 04 ..., 
on}. We say a map 0: L > P is a N-loop homomorphism if 0 = 
AUVUAYU.. U O ‘UL’ is just a symbol and @ is a loop 
homomorphism from L; to P; for eachi = 1, 2, ..., N. 


DEFINITION 1.3.28: Let L = {L; UL? uv... ULIn, *), ..., *nf be 
a N-loop. We say L is weak Moufang N-loop if there exists 
atleast a loop (Lj, *;) such that L; is a Moufang loop. 


Note: Lj should not be a group it should be only a loop. 


DEFINITION 1.3.29: Let L = {L; UL2 U...U IN, *), ..., *y} be 
a N-loop. Ifx and y € L are elements of L; the N-commutator (x, 
y) is defined as xy = (yx) (x, y), 1 Si SN. 


DEFINITION 1.3.30: Let L = {L; UL? vu... Ly, *),..., *n} be a 
N-loop. If x, y, z are elements of the N-loop L, an associator (x, 
y, Z) is defined only if x, y, z € L; for some i (1 <i SN) and is 
defined to be (xy) z = (x (y Z)) (x, y, 2). 


DEFINITION 1.3.31: Let L = {L; UL? Vv... ULy, *7, *2, ... *nf 
be a N-loop of finite order. For a € Lj define R, as a 
permutation of the loop Li, i 2X; > x;0%. This is true for i = 1, 
2,..., N we define the set 
[Re ROR ere Tro, Dnt) 
as the right regular N-representation of the N loop L. 


DEFINITION 1.3.32: Let L = {L; UL? vu... UL, *), «.., *nf be 
a N-loop. For any pre determined pair aj, bj € Lj, i € {1, 2, ..., 
N} a principal isotope (L, 0}, ..., on), of the N loop L is defined 
by x; 0; yi = Xj *; Y; where X; + aj = x; and bj + Y; =y;, i = 1, 2,.., 
N. L is called G-N-loop if it is isomorphic to all of its principal 
isotopes. 
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1.4 Groupoids and N-groupoids 


In this section we just recall the notion of groupoids. We also 
give some new classes of groupoids constructed using the set of 
modulo integers. This book uses in several examples the 
groupoids from these new classes of groupoids For more about 
groupoids please refer [45]. 


DEFINITION 1.4.1: Given an arbitrary set P a mapping of P x P 
into P is called a binary operation on P. Given such a mapping 
o: P xP —->Pwe use it to define a product * in P by declaring 
a *b=cifo(a, b) =c. 


DEFINITION 1.4.2: A non empty set of elements G is said to 
form a groupoid if in G is defined a binary operation called the 
product denoted by * such that a *b € G foralla, b €G. 


DEFINITION 1.4.3: 4 groupoid G is said to be a commutative 
groupoid if for every a, b € Gwe have a *b = b a. 


DEFINITION 1.4.4: A groupoid G is said to have an identity 
element e in G ifa *e =e *a =a foralla EG. 


DEFINITION 1.4.5: Let (G, *) be a groupoid a proper subset H 
CG is a subgroupoid if (H, *) is itself a groupoid. 


DEFINITION 1.4.6: A groupoid G is said to be a Moufang 
groupoid if it satisfies the Moufang identity (xy) (zx) = (x(yz))x 
for all x, y, zin G. 


DEFINITION 1.4.7: 4 groupoid G is said to be a Bol groupoid if 
G satisfies the Bol identity ((xy) z) y = x ((yz) y) for all x, y, z in 
G. 


DEFINITION 1.4.8: 4 groupoid G is said to be a P-groupoid if 
(xy) x =x (yx) for allx, y EG. 


DEFINITION 1.4.9: 4 groupoid G is said to be right alternative 
if it satisfies the identity (xv) y = x (yy) for all x, y € G. 
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Similarly we define G to be left alternative if (xx) y = x (xy) for 
allx, y €G. 


DEFINITION 1.4.10: 4 groupoid G is alternative if it is both 
right and left alternative, simultaneously. 


DEFINITION 1.4.11: Let (G, *) be a groupoid. A proper subset 
FH of G is said to be a subgroupoid of G if (H, *) is itself a 
groupoid. 


DEFINITION 1.4.12: 4 groupoid G is said to be an idempotent 
eae 
groupoid ifx’ =x for allx eG. 


DEFINITION 1.4.13: Let G be a groupoid. P a non empty proper 
subset of G, P is said to be a left ideal of the groupoid G if 1) P 
is a subgroupoid of G and 2) For allx € Ganda e€ P, xa €P. 
One can similarly define right ideal of the groupoid G. P is 
called an ideal if P is simultaneously a left and a right ideal of 
the groupoid G. 


DEFINITION 1.4.14: Let G be a groupoid A subgroupoid V of G 
is said to be a normal subgroupoid of G if 


i. aV=Va 
ii. (Vx)y = Véxy) 
iil. V(XV) = (yx) V 
for allx, y,a EV. 


DEFINITION 1.4.15: 4 groupoid G is said to be simple if it has 
no non trivial normal subgroupoids. 


DEFINITION 1.4.16: A groupoid G is normal if 
i. xG = Gx 


ii. G(xy) = (Gx)y 
iii. y(xG) = (yxX)G for all x, y €G. 
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DEFINITION 1.4.17: Let G be a groupoid H and K be two 
proper subgroupoids of G, with H 7 K = @¢ We say H is 
conjugate with K if there exists ax € H such that H = x K or Kx 
(‘or' in the mutually exclusive sense). 


DEFINITION 1.4.18: Let (G;, 0), (G2, 02), ... , (Gn G,) ben 
groupoids with 0; binary operations defined on each Gi, i = 1, 2, 
3, ..., n. The direct product of Gj, ..., G,denoted by G = G; x 
. xX Gr = {en .. , Sy) | & © Gi by component wise 
multiplication on G, G becomes a groupoid. 
For if g = (g1, .. , Sn) and h = (hy, ... , hy) then g eh = 
{(gi Ohi, g20rh2, ... , ZnO}. Clearly, gh e G. Hence G is a 
groupoid. 


DEFINITION 1.4.19: Let G be a groupoid we say an element e € 
G is a left identity if ea = a for all a e€ G. Similarly we can 
define right identity of the groupoid G, if e € G happens to be 
simultaneously both right and left identity we say the groupoid 
G has an identity. 


DEFINITION 1.4.20: Let G be a groupoid. We say a in G has 
right zero divisor if a *b = 0 for some b £0 in G and a in G has 
left zero divisor if b *a = 0. We say G has zero divisors if a *b 
= 0and b *a=0 fora, b € G\ {0} A zero divisor in G can be 
left or right divisor. 


DEFINITION 1.4.21: Let G be a groupoid. The center of the 
groupoid C (G) = {x €G | ax = xa for alla € G}. 


DEFINITION 1.4.22: Let G be a groupoid. We say a,b € Gis a 
conjugate pair if a = bx (or xa for some x € G) and b = ay (or 
ya for some y € G). 


DEFINITION 1.4.23: Let G be a groupoid of order n. An element 
ain Gis said to be right conjugate with b in G if we can find x, 
y €Gsuch thatasx =bandbey=a (x *a=bandy *b= 
a). Similarly, we define left conjugate. 
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DEFINITION 1.4.24: Let Z° be the set of integers. Define an 
: ~ - 
operation *on Z byx *y =mx + ny wherem,n €Z,m< o 
and n < oc (m, n) = 1 and m #n. Clearly {Z’, *, (m, n)j} is a 
groupoid denoted by Z (m, n). We have for varying m and n get 

infinite number of groupoids of infinite order denoted by Z i 


Here we define a new class of groupoids denoted by Z(n) using 
Zy and study their various properties. 


DEFINITION 1.4.25: Let Z, = {0, 1, 2,...,n-I} n 23. Fora, b 
€ Z, \ {0} define a binary operation * on Z, as follows. a *b = 
ta + ub (mod n) where t, u are 2 distinct elements in Z, \ {0} 
and (t, u) =I here ' + ‘is the usual addition of 2 integers and ' 
ta ' means the product of the two integers t and a. We denote 
this groupoid by {Z,, (t, u), *} or in short by Z, (t, u). 


It is interesting to note that for varying t, u € Z, \ {0} with (t, u) 
= | we get a collection of groupoids for a fixed integer n. This 
collection of groupoids is denoted by Z(n) that is Z(n) = {Z,, (t, 
u), * | for integers t, u € Z, \ {0} such that (t, u) = 1}. Clearly 
every groupoid in this class is of order n. 


Example 1.4.1: Using Z; = {0, 1, 2}. The groupoid {Z;, (1, 2), 
*} = (Z; (1, 2)) is given by the following table: 


N]R|olo 


eIlO!;N |], 


N]|R|oO! * 
COIN] R IN 


Clearly this groupoid is non associative and non commutative 
and its order is 3. 


THEOREM 1.4.1: Let Z,, = {0, 1, 2, ..., nj. A groupoid in Z (n) is 


a semigroup if and only if =t (mod n) and ue =u (mod n) for t, 
u EZ, \ {0} and (t, wu) = 1. 
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THEOREM 1.4.2: The groupoid Z, (t, u) is an idempotent 
groupoid if and only if t + u =1 (mod n). 


THEOREM 1.4.3: No groupoid in Z (n) has {0} as an ideal. 


THEOREM 1.4.4: P is a left ideal of Zy (t, u) if and only if P is a 
right ideal of Z, (u, t). 


THEOREM 1.4.5: Let Z,, (t, u) be a groupoid. If n = t + u where 
both t and u are primes then Z,, (t, u) is simple. 


DEFINITION 1.4.26: Let Z, = {0, 1, 2,..., n-Ifn2=3,n< a 
Define «a closed binary operation on Z,, as follows. For any a, 
b € Z, define a * b = at + bu (mod n) where (t, u) need not 
always be relatively prime but t #u and t, u € Z, \ {0}. 


THEOREM 1.4.6: The number of groupoids in Z"(n) is (n— 1) (n 
— 2). 


THEOREM 1.4.7: The number of groupoids in the class Z (n) is 
bounded by (n — 1) (n— 2). 


THEOREM 1.4.8: Let Z,, (t, u) be a groupoid in Z’(n) such that 
(t, u) =tn = 2m, t/ 2m and t + u = 2m. Then Z,, (t, u) has 
subgroupoids of order 2m/t or n/t. 


Proof: Given n is even and t+u=n so that u=n-t. 
Thus Z, (t, u) = Zp, (t, n — t). Now using the fact 


t-Z,, =o t, 2t, 3t,... (2-1 is t. Z, has only n/t 


elements and these n/t elements from a subgroupoid. Hence Z, 
(t, n—t) where (t, n—t) =t has only subgroupoids of order n / t. 


DEFINITION 1.4.27: Let Z, = {0, 1, 2,...,n-Ifjn2=3,n< a 


Define *on Z, as a *b = ta + ub (mod n) where t and u € Z,, \ 
{0} and t can also equal u. For a fixed n and for varying t and u 
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we get a class of groupoids of order n which we denote by 
Z"(n). 


DEFINITION 1.4.28: Let Z, = {0, 1, 2,...,n-Ifjn2=3,n< a 
Define * on Z, as follows. a * b = ta + ub (mod n) where t,u € 
Zy. Here t or u can also be zero. 


DEFINITION 1.4.29: Let G = (Gj UG? VU... UG; *), ..., *x) 
be anon empty set with N-binary operations. G is called the N- 
groupoid if some of the G;’s are groupoids and some of the G;’s 
are semigroups, i #j and G = G; UG VU... U Gy is the union 
of proper subsets of G. 


DEFINITION 1.4.30: Let G = (G7 UG2 VU... UGn; *7, *2, ..., 
*y) be a N-groupoid. The order of the N-groupoid G is the 
number of distinct elements in G. If the number of elements in G 
is finite we call G a finite N-groupoid. If the number of distinct 
elements in G is infinite we call G an infinite N-groupoid. 


DEFINITION 1.4.31: Let G = {G; UG) vy ... UGn, *), *2 «., 
*y} be a N-groupoid. We say a proper subset H ={H; UV H2 Vv 
.. UH, *7, *2, ..., *xf of G is said to be a sub N-groupoid of 
Gif H itself is a N-groupoid of G. 


DEFINITION 1.4.32: Let G = (Gj; UG) U... UGn, *), * .., 
*y) be a finite N-groupoid. If the order of every sub N-groupoid 
HT divides the order of the N-groupoid, then we say G is a 
Lagrange N-groupoid. 


It is very important to mention here that in general every N- 
groupoid need not be a Lagrange N-groupoid. 
Now we define still a weaker notion of a Lagrange N-groupoid. 


DEFINITION 1.4.33: Let G = (G7; UG? VU... UG, *), ..., *) 
be a finite N-groupoid. If G has atleast one nontrivial sub N- 
groupoid H such that o(H) / o(G) then we call G a weakly 
Lagrange N-groupoid. 
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DEFINITION 1.4.34: Let G = (G7; UG? VU... UGn, *), *2, ..., 
*y) be a N groupoid. A sub N groupoid V=V; UV2 VU ... UV 
of Gis said to be a normal sub N-groupoid of G; if 


i. aV;=V;a,i=1, 2, .... Nwhenevera € V; 
ii. Vilxy) =(Vix)y,t=1, 2, .., Nforx, y €V; 
iii. Vy (XX Vj) = Gy) V;,i=1, 2, ..., Nforx, vy €V;. 


Now we say a N-groupoid G is simple if G has no nontrivial 
normal sub N-groupoids. 


Now we proceed on to define the notion of N-conjugate 
groupoids. 


DEFINITION 1.4.35: Let G = (G7 UG? U ... UGw, *), ..., *x) 
be a N-groupoid. Let H = {H; U ... UHy; *7, ..., *nf and K = 
{K; VK? VU... UKy, *), ..., *x} be sub N-groupoids of G = G1 
UG? U... UGy; where Hj, K; are subgroupoids of G; (i = 1, 2, 

Let K 7 H = ¢. We say H is N-conjugate with K if there 
exists x; € H; such that x; K; = H; (or K; x; = Hj) for i = 1, 2, ..., 
N ‘or’ in the mutually exclusive sense. 


DEFINITION 1.4.36: Let G = (G7; UG? VU... UGn, *, *2, 
*y) be a N-groupoid. An element x in G is said to be a zero 
divisor if their exists a y in G such that x *; y =y *;x = 0 for 
some iin {1, 2, ..., N}. 


eeey 


We define N-centre of a N-groupoid G. 


DEFINITION 1.4.37: Let G = (G7 UG? VU... UG, *), *2, «.., 
*y) be a N-groupoid. The N-centre of (Gj; U G2 U ... U Gy, 
*1, .... *y) denoted by NC (G) = {x; € G; | x; aj = a) x; for all 
a; € Gi} U {x2 © G2 | x2 a2 = a2 x2 for all az € G2} Uw. YU 
fxn € Gn | xn Gn = ay Xn for all ay € Gnyf = 
N 

Ulx ¢G|x,a,=a,x, for all a,€G,} = NC (G). 


i=] 
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1.5 Mixed N-algebraic Structures 


In this section we proceed onto define the notion of N-group- 
semigroup algebraic structure and other mixed substructures and 
enumerate some of its properties. 


DEFINITION 1.5.1: Let G = {G; UG2 U... UG, *, ..., *y} 
where some of the G;'s are groups and the rest of them are 
semigroups. G;’s are such that G; € G;or Gj € Gr ifi 4), i.e. 
G;’s are proper subsets of G. *}, ..., *y are N binary operations 
which are obviously are associative then we call G a N-group 
semigroup. 


We can also redefine this concept as follows: 


DEFINITION 1.5.2: Let G be a non empty set with N-binary 
operations *), ..., *y. We call G a N-group semigroup if G 
satisfies the following conditions: 


i. G=G; UG VU... UGwy such that each G; is a proper 
subset of G (By proper subset G; of G we mean G; E G; 
or G; £ G;ifi 4j. This does not necessarily imply G; A 
Gj = p. 
ii. (Gj, *;) is either a group or a semigroup, i = 1, 2,..., N. 
iii. At least one of the (G;, *;) is a group. 
iv. At least one of the (Gj, *;) is semigroup i 4). 


Then we call G = {G; UG? U... UG, *), ..., *y} to be a N- 
group semigroup (1 Si, j S N). 


DEFINITION 1.5.3: Let G = {G; UG2 Uv... UGn, *), ..., *n} be 
a N-group-semigroup. We say G is a commutative N-group 
semigroup if each (Gj, *;) is a commutative structure, i = 1, 2, 
usc, 
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DEFINITION 1.5.4: Let G = {G;] UG? U... UG, *) ..., *n} be 
a N-group. A proper subset P of G where (P} UP? VU... UPN, 
*1, ..., *y) is said to be a N-subgroup of the N-group semigroup 
G if each (P;, *;) is a subgroup of (Gj, *;); i = 1, 2, ..., N. 


DEFINITION 1.5.5: Let G = {G; UG? Uv... UGn, *), ..., *x} be 
a N-group semigroup where some of the (G;, *;) are groups and 
rest are (Gj, *;) are semigroups, I Si, j SN. A proper subset P 
of G is said to be a N-subsemigroup if P = {P; UP2 Vv... UPN, 
*1, .... *y} where each (P;, *;) is only a semigroup under the 
operation *;. 


Now we proceed on to define the notion of N-subgroup 
semigroup of a N-group semigroup. 


DEFINITION 1.5.6: Let G = {G; UG2 VU... UG, *), ..., *nf be 
a N-group semigroup. Let P be a proper subset of G. We say P 
is a N-subgroup semigroup of G if P = {P; UP2 Vv... UPn, *7, 
., *yf and each (P;, *;) is a group or a semigroup. 


DEFINITION 1.5.7: Let G = {G; UG? VU... UGN, *7, ..., *n} be 
a N-group semigroup. We call a proper subset P of G where P 
= {P; VP2 VU... UPn, *), ..., *y} to be a normal N-subgroup 
semigroup of G if (Gj, *;) is a group then (P;, *;) is a normal 
subgroup of G; and if (Gj, *;) is a semigroup then (P;, *;) is an 
ideal of the semigroup G;. If G has no normal N-subgroup 
semigroup then we say N-group semigroup is simple. 


DEFINITION 1.5.8: Let L = {L; UL? uv... ULN, *)..., *nf bea 
non empty set with N-binary operations defined on it. We call L 
a N-loop groupoid if the following conditions are satisfied: 


i. L=L; VI? vy... ULy where each L; is a proper subset 
ofLie.L; ¢ LjorL; € Liifi 4j, for 1 < i,j SN. 
ii. (L;, *;) is either a loop or a groupoid. 
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iii. There are some loops and some groupoids in the 
collection {1}, ..., Ly}. 


Clearly L is a non associative mixed N-structure. 


DEFINITION 1.5.9: Let L = {L; UL? vu... ULn, *7, ..., *n/ bea 
N-loop groupoid. L is said to be a commutative N-loop 
groupoid if each of {L;, *if is commutative. 


Now we give an example of a commutative N-loop groupoid. 


DEFINITION 1.5.10: Let L = {L; UL2 vu... ULn, *), «.., *nf be 
a N-loop groupoid. A proper subset P of L is said to be a sub N- 
loop groupoid if P = {P; UP2 Uv... UPn, *), ..., *n} be a N- 
loop groupoid. A proper subset P = {P; UP? U... UPn, *1, ..., 
*y} is such that if P itself is a N-loop groupoid then we call P 
the sub N-loop groupoid of L. 


DEFINITION 1.5.11: Let L = {L; UL? vu... ULy, *), ..., *n} be 
a N-loop groupoid. A proper subset G = {G; UG? VU... UGN, 
*1, ..., *yf is called a sub N-group if each (Gj, *;) is a group. 


DEFINITION 1.5.12: Let L = {L; UL2 vu... UL, *), ..., *nf be 
a N-loop groupoid. A proper subset T = {T; UT? VU... UTn, *), 
.., *nf is said to be a sub N-groupoid of the N-loop groupoid if 
each (Tj, *;) is a groupoid. 


DEFINITION 1.5.13: Let L = {L; UL2 vu... ULn, *), «.., *nf be 
a N-loop groupoid. A non empty subset S = {S; US? U...U SN, 
*1, ..., *y} is said to be a sub N-loop if each {Sj, *;} is a loop. 


DEFINITION 1.5.14: Let L = {L; UL? vu... ULn, *), ..., *nf} be 
a N-loop groupoid. A non empty subset W = {W; UW2 VU... U 
Wn, *1 .... *nf of L said to be a sub N-semigroup if each {W,, 
*) is a semigroup. 
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DEFINITION 1.5.15: Let L = {Z; UL? vu... UL, *7, ..., *n} be 
a N-loop groupoid. Let R = {R; UR? VU... URn, *), ..., *nfbea 
proper subset of L. We call R a sub N-group groupoid of the N- 
loop groupoid L if each {R;, *;} is either a group or a groupoid. 


DEFINITION 1.5.16: Let L = {L; UL2 Vv... ULN, *), ..., *nf be 
a N-loop groupoid of finite order. K = {K; U K7 U K3, *), ..., 
*v} be a sub N-loop groupoid of L. If every sub N-loop 
groupoid divides the order of the N-loop groupoid L then we 
call L a Lagrange N-loop groupoid. If no sub N-loop groupoid 
of L divides the order of L then we say L is a Lagrange free N- 
loop groupoid. 


DEFINITION 1.5.17: Let L = {L; VI2 vu... UL, *), «.., *nf be 
a N-loop groupoid. We call L a Moufang N-loop groupoid if 
each (Li, *;) satisfies the following identities: 


i, (XY) (2X) = (x (ya))x. 
ii. (x y)z)y = x (y (2y)). 
iii. x (v (x2) = (xy)x)z forx,y,z EL, 1SisN. 


Thus for a N-loop groupoid to be Moufang both the loops and 
the groupoids must satisfy the Moufang identity. 


DEFINITION 1.5.18: Let L = {L; UL? vu... ULy, *), ..., *nf bea 
N-loop groupoid. A proper subset P (P = P; UP? v... UPn, 
*1, ...4 *y) of L is anormal sub N-loop groupoid of L if 


i. If P is a sub N-loop groupoid of L. 
ii. x; P; = P; x; (where P; =P AL;). 
iii. Vi (4; Pi) = (yi xi) Pj for all x), yj € Li. 


This is true for each P;, i.e., fori = 1, 2, ..., N. 
DEFINITION 1.5.19: Let L = {L; UL? vu... UL, *), «.., *y} 
and K = {K; UK? vu... U Ky, *), ..., *nf be two N-loop 


groupoids such that if (L;, *;) is a groupoid then {K;, *;} is also 
a groupoid. Likewise if (L;, *;) is a loop then (Kj, *;) is also a 
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loop true for 1 Si, j <N. A map 0= 0; U® Vv... U On from L 
to K is a N-loop groupoid homomorphism if each @,: L; > K; is 
a groupoid homomorphism and 6 : L; — K; is a loop 
homomorphism 1 S i, j SN. 


DEFINITION 1.5.20: Let L = {L; UL? vu... ULn, *1, ..., *nf be 
a N-loop groupoid and K = {K; UK? uv... UKm, *1, ..., *ujp be 
a M-loop groupoid. A map $= ¢; Uq@2 LU... U dy from L to K 
is called a pseudo N-M-loop groupoid homomorphism if each 
gj: Ly > Ky is either a loop homomorphism or a groupoid 
homomorphism, 1 <t < Nand 1 <s SM, according as L; and 
Ky are loops or groupoids respectively (we demand N S M for if 
M > N we have to map two or more L; onto a single K; which 
can not be achieved easily). 


DEFINITION 1.5.21: Let L = {L; UL2 uv... ULN, *), ..., *nfbe 
a N-loop groupoid. We call L a Smarandache loop N-loop 
groupoid (S-loop N-loop groupoid) if L has a proper subset P = 
{P; UP? VU... UPn, *), ..., *nf such that each P; is a loop i.e. P 
is a N-loop. 


Now we proceed on to define the mixed N-algebraic structures, 
which include both associative and non associative structures. 
Here we define them and give their substructures and a few of 
their properties. 


DEFINITION 1.5.22: Let A be a non empty set on which is 
defined N-binary closed operations *), ..., *y. A is called as the 
N-group-loop-semigroup-groupoid (N-glsg) if the following 
conditions, hold good. 


i. A =A] VA? VU ...U An where each A; is a proper subset 
of A (i.e. Ai EG Aj E or Aj E Aj if (i Fj). 

ii. (A, *; ) is a group or a loop or a groupoid or a 
semigroup (or used not in the mutually exclusive sense) 
Isi SN. A is a N -glsg only if the collection {A}, ..., 
An} contains groups, loops, semigroups and groupoids. 
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DEFINITION 1.5.23: Let A = {47 U... UAN, *), ..., *n} where 
A; are groups, loops, semigroups and groupoids. We call a non 
empty subset P = {P; UP? Uv... UP, *1, ..., *n} of A, where P; 
= P 7 A; is a group or loop or semigroup or groupoid 
according as A; is a group or loop or semigroup or groupoid. 
Then we call P to be a sub N-glsg. 


DEFINITION 1.5.24: Let A = {4; VA2 VU... VAN; *), ..., *n} be 
a N-glsg. A proper subset T = {T, Wh ss sud} of A is 
called the sub K-group of N-glsg if each T, is a group from A, 
where A, can be a group or a loop or a semigroup of a groupoid 
but has a proper subset which is a group. 


DEFINITION 1.5.25: Let A = {47 VA2 VU... U Any *), .., *n} be 
a N-glsg. A proper subset T = {T, D3 UT, } is said to be sub 


r-loop of A if each T,, is a loop and T,, is a proper subset of 


some Ap. As in case of sub K-group r need not be the maximum 
number of loops in the collection Aj, ..., AN. 


DEFINITION 1.5.26: Let A = {47 VA? VU ...U An; *), ..., *nf be 
a N-glsg. Let P = {P; UP? VU... UPy} be a proper subset of A 
where each P; is a semigroup then we call P the sub u- 
semigroup of the N-glsg. 


DEFINITION 1.5.27: Let A = {47 VA2 VU... U Any *)7, ..., *n} be 
a N-glsg. A proper subset C = {C; UC? VU... UC} of A is said 
to be a sub-t-groupoid of A if each C; is a groupoid. 


DEFINITION 1.5.28: Let A = {4] VA2 VU... VAN; *), ..., *nf be 
a N-glsg. Suppose A contains a subset P= P,U..UP, of A 


such that P is a sub K-group of A. If every P-sub K-group of A 
is commutative we call A to be a sub-K-group commutative N- 


glsg. 
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If atleast one of the sub-K-group P is commutative we call 
A to be a weakly sub K-group-commutative N-glsg. Ifno sub K- 
group of A is commutative we call A to be a non commutative 
sub-K-group of N-glsg. 


For more about these notions please refer [50]. 
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Chapter Two 


NEUTROSOPHIC GROUPS AND 
NEUTROSOPHIC N-GROUPS 


This chapter has three sections; first section deals with 
neutrosophic groups and their properties. In section two 
neutrosophic bigroups are introduced for the first time and 
analyzed. Section three defines the notion of neutrosophic N- 
groups. 

The notion of neutrosophic structures are defined for the 
first time. As in general case we, define the neutrosophic N- 
structure. Also when we define neutrosophic algebraic structure 
it need not be having all the properties. For we define the 
neutrosophic element as I where I is an indeterminate and I is 
such that I? = I. 

This equation I’ = I does not imply I (I — 1) = 0 or any such 
relations. It is just like saying 17 = I. So it is not an easy task to 
talk of inverse for we add or multiply I by a scalar c and call it 
as c + I or as cI which is a neutrosophic element. 

For instance when we say, let G = (Z) U I) generate a 
neutrosophic group under ‘+’, we have N(G) = {I, 1, 1 + I, 0} 
where 1.J=I.1 =I also (1+1) =0 forI+1I=2.1=0OI, as2=0 
(mod 2). We call {0, 1, I, 1 + I} to be the neutrosophic group 
generated by Z, U I. Here N(G) is a group under ‘+’. 


Note: We do not demand a neutrosophic group to be a group. 
But clearly it contains a group. For if (Z, \ {0} U I) generates 
the neutrosophic group under multiplication modulo 2{((Z 
\ {0} UT), x} is not a group under multiplication modulo 2. 
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2.1 Neutrosophic Groups and their Properties 


In this section for the first time the notion of neutrosophic 
groups are introduced, neutrosophic groups in general do not 
have group structure. We also define yet another notion called 
pseudo neutrosophic groups which have group structure. As 
neutrosophic groups do not have group structure the classical 
theorems viz. Sylow, Lagrange or Cauchy are not true in 
general which forces us to define notions like Lagrange 
neutrosophic groups, Sylow neutrosophic groups and Cauchy 
elements. Examples are given for the understanding of these 
new concepts. 


DEFINITION 2.1.1: Let (G, *) be any group, the neutrosophic 
group is generated by I and G under * denoted by N(G) = {(G 


Example 2.1.1: Let Z;, = {0, 1, 2, ..., 6} be a group under 
addition modulo 7. N(G) = {(Z7 U I), ‘+’ modulo 7} is a 
neutrosophic group which is in fact a group. For N(G) = {a + bl 
/ a, b © Z,} is a group under ‘+’ modulo 7. Thus this 
neutrosophic group is also a group. 


Example 2.1.2: Consider the set G = Zs \ {0}, G is a group 
under multiplication modulo 5. Consider N(G) = {(G U J), 
multiplication modulo 5}. N(G) is called the neutrosophic group 
generated by G U I. Clearly N(G) is not a group for ? =I and I 
is not the identity but only an indeterminate, but N(G) is defined 
as the neutrosophic group. 


Thus based on this we have the following theorem: 


THEOREM 2.1.1: Let (G, *) be a group, N(G) = {(G UT), *} be 
the neutrosophic group. 


i. N(G) in general is not a group. 
ii. N(G) always contains a group. 
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Proof: To prove N(G) in general is not a group it is sufficient 
we give an example; consider (Z; \ {0} UI) =G= {1, 2, 4, 3, L, 
2 1,41, 3 I}; G is not a group under multiplication modulo 5. In 
fact {1, 2, 3, 4} is a group under multiplication modulo 5. 

N(G) the neutrosophic group will always contain a group 
because we generate the neutrosophic group N(G) using G and I. 
SoG c N(G) hence N(G) will always contain a group. 


Now we proceed onto define the notion of neutrosophic 
subgroup of a neutrosophic group. 


DEFINITION 2.1.2: Let N(G) = (G UI) be a neutrosophic group 
generated by G and I. A proper subset P(G) is said to be a 
neutrosophic subgroup if P(G) is a neutrosophic group i.e. P(G) 
must contain a (sub) group. 


Example 2.1.3: Let N(Z2) = (Zz U I) be a neutrosophic group 
under addition. N(Z,) = {0, 1, I, 1 + I}. Now we see {0, I} isa 
group under + in fact a neutrosophic group {0, 1 + I} is a group 
under ‘+’ but we call {0, I} or {0, 1 + IT} only as pseudo 
neutrosophic groups for they do not have a proper subset which 
is a group. So {0, I} and {0, 1 + I} will be only called as pseudo 
neutrosophic groups (subgroups). 

We can thus define a pseudo neutrosophic group as a 
neutrosophic group, which does not contain a proper subset 
which is a group. Pseudo neutrosophic subgroups can be found 
as a substructure of neutrosophic groups. Thus a Pseudo 
neutrosophic group though has a group structure is not a 
neutrosophic group and a neutrosophic group cannot be a 
pseudo neutrosophic group. Both the concepts are different. 

Now we see a neutrosophic group can have substructures 
which are pseudo neutrosophic groups which is evident from 
the example. 


Example 2.1.4: Let N(Z4) = (Z4 U I) be a neutrosophic group 
under addition modulo 4. (Z, U I) = {0, 1, 2, 3, I, 1 +I, 21, 31, 1 
+ 21,14+31,2+1,2+2I,2+31,3+1,3+21,3 + 31}. o(Z4uU 
I) =4. 
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Thus neutrosophic group has both neutrosophic subgroups and 
pseudo neutrosophic subgroups. For T = {0, 2, 2 + 2I, 2I} isa 
neutrosophic subgroup as {0 2} is a subgroup of Z4 under 
addition modulo 4. P = {0, 2I} is a pseudo neutrosophic group 
under ‘+’ modulo 4. 

Now we are not sure that general properties which are true 
of groups are true in case of neutrosophic groups for 
neutrosophic groups are not in general groups. We see that in 
case of finite neutrosophic groups the order of both 
neutrosophic subgroups and pseudo neutrosophic subgroups do 
not divide the order of the neutrosophic group. Thus we give 
some problems in the chapter 7. 


THEOREM 2.1.2: Neutrosophic groups can have non trivial 
idempotents. 


Proof: For 1 € N(G) andl’ =1. 


Note: We cannot claim from this that N(G) can have zero 
divisors because of the idempotent as our neutrosophic 
structures are algebraic structures with only one binary 
operation multiplication in case ? =1. 


We illustrate these by examples. 


Example 2.1.5: Let N(G) = {1, 2, I, 21} a neutrosophic group 
under multiplication modulo three. We see (21)” = I (mod 3), P° 
=I. (21) I = 21, 2” = 1 (mod 3). So P = {1, I, 21} is a pseudo 
neutrosophic subgroup. Also o(P) X o(N (G)). 

Thus we see order of a pseudo neutrosophic group need not 
divide the order of the neutrosophic group. 


We give yet another example which will help us to see that 
Lagrange’s theorem of finite groups in case of finite 


neutrosophic groups is not true. 


Example 2.1.6: Let N(G) = {1, 2, 3, 4, I, 21, 31, 41} be a 
neutrosophic group under multiplication modulo 5. Now 
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consider P = {1, 4, I, 21, 31, 41} c N(G). P is a neutrosophic 
subgroup. o(N(G)) = 8 but o(P) = 6, 6 X 8. So clearly 
neutrosophic groups in general do not satisfy the Lagrange 
theorem for finite groups. 


So we define or characterize those neutrosophic groups, 
which satisfy Lagrange theorem as follows: 


DEFINITION 2.1.3: Let N(G) be a neutrosophic group. The 
number of distinct elements in N(G) is called the order of N(G). 
If the number of elements in N(G) is finite we call N(G) a finite 
neutrosophic group; otherwise we call N(G) an _ infinite 
neutrosophic group, we denote the order of N(G) by o(N(G)) or 
|N(G)). 


DEFINITION 2.1.4: Let N(G) be a finite neutrosophic group. Let 
P be a proper subset of N(G) which under the operations of 
N(G) is a neutrosophic group. If o(P) / o(N(G)) then we call P 
to be a Lagrange neutrosophic subgroup. If in a_ finite 
neutrosophic group all its neutrosophic subgroups are 
Lagrange then we call N(G) to be a Lagrange neutrosophic 
group. 

If N(G) has atleast one Lagrange neutrosophic subgroup 
then we call N(G) to be a weakly Lagrange neutrosophic group. 
If N(G) has no Lagrange neutrosophic subgroup then we call 
N(G) to be a Lagrange free neutrosophic group. 


We have already given examples of these. Now we proceed on 
to define the notion called pseudo Lagrange neutrosophic group. 


DEFINITION 2.1.5: Let N(G) be a finite neutrosophic group. 
Suppose L is a pseudo neutrosophic subgroup of N(G) and if 
o(L) / o(N(G)) then we call L to be a pseudo Lagrange 
neutrosophic subgroup. If all pseudo neutrosophic subgroups of 
N(G) are pseudo Lagrange neutrosophic subgroups then we call 
N(G) to be a pseudo Lagrange neutrosophic group. 

If N(G) has atleast one pseudo Lagrange neutrosophic 
subgroup then we call N(G) to be a weakly pseudo Lagrange 
neutrosophic group. If N(G) has no pseudo Lagrange 
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neutrosophic subgroup then we call N(G) to be pseudo 
Lagrange free neutrosophic group. 


Now we illustrate by some example some more properties of 
neutrosophic groups, which paves way for more definitions. We 
have heard about torsion elements and torsion free elements of a 
group. 

We in this book define neutrosophic element and 
neutrosophic free element of a neutrosophic group. 


DEFINITION 2.1.6: Let N(G) be a neutrosophic group. An 
element x € N(G) is said to be a neutrosophic element if there 
exists a positive integer n such that x" = I, if for any y a 
neutrosophic element no such n exists then we call y to be a 
neutrosophic free element. 


We illustrate these by the following examples. 


Example 2.1.7: Let N(G) = {1, 2, 3, 4, 5, 6, I, 21, 31, 41, 51, 61} 
be a neutrosophic group under multiplication modulo 7. We 
have (31)° =I, (41° =1 (6D° = 1, P =I, (2D° =I, (51° =I. In this 
neutrosophic group all elements are either torsion elements or 
neutrosophic elements. 


Example 2.1.8: Let us now consider the set {1, 2, 3, 4, I, 21, 3], 
4,14+1,2+1,3+1,4+4+1,1+4+21,1+31,1+41,2+2I,2+3I, 
2+ 41,3 + 21,3 + 31,3+41,4+ 21, 4+ 31,4+ 41}. This is a 
neutrosophic group under multiplication modulo 5. For {1, 2, 3, 
4} = Zs \ {0} is group under multiplication modulo 5. (1 + I)* = 
1 (mod 5) we ask “Is it a neutrosophic element of N(G)?” (2 + 
I)' = 1 (mod 5). (1 + 41? = 1 + 4I this will be called as 
neutrosophic idempotent and (1 + 31)? = 1 (mod 5) neutrosophic 
unit. 


In view of the above example we define the following: 
DEFINITION 2.1.7: Let N(G) be a neutrosophic group. Let x € 


N(G) be a neutrosophic element such that x" = 1 then x is called 
the pseudo neutrosophic torsion element of N(G). 


44 


In the above example we have given several pseudo 
neutrosophic torsion elements of N(G). 

Now we proceed on to define Cauchy neutrosophic 
elements of a neutrosophic group N(G). 


DEFINITION 2.1.8: Let N(G) be a finite neutrosophic group. Let 
x e€ N(G), if x is a torsion element say x" = 1 and if m/o N(G)) 
we call x a Cauchy element of N(G); if x is a neutrosophic 
element and x' = I with t / o(N(G)), we call x a Cauchy 
neutrosophic element of N(G). If all torsion elements of N(G) 
are Cauchy we call N(G) as a Cauchy neutrosophic group. If 
every neutrosophic element is a neutrosophic Cauchy element 
then we call the neutrosophic group to be a Cauchy 
neutrosophic, neutrosophic group. 


We now illustrate these concepts by the following examples: 


Example 2.1.9: Let N(G) = {0, 1, 2, 3, 4, I, 21, 31, 41} be a 
neutrosophic group under multiplication modulo 5. {1, 2, 3, 4} 
is a group under multiplication modulo 5. Now we see 0 (N (G)) 
= 9, 4 = 1 (mod 5) 2 X 9 similarly (31)* = I but 4 X 9. Thus 
none of these elements are Cauchy elements or Cauchy 
neutrosophic Cauchy elements of N(G). 


Now we give yet another example. 


Example 2.1.10: Let N(G) be a neutrosophic group of finite 
order 4 where N(G) = {1, 2, I, 21} group under multiplication 
modulo 3. Clearly every element in N(G) is either a Cauchy 
neutrosophic element or a Cauchy element. 


Thus we give yet another definition. 
DEFINITION 2.1.9: Let N(G) be a neutrosophic group. If every 
element in N(G) is either a Cauchy neutrosophic element of 


N(G) or a Cauchy element of N(G) then we call N(G) a strong 
Cauchy neutrosophic group. 
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The above example is an instance of a strong Cauchy 
neutrosophic group. Now we proceed on to define the notion of 
p-Sylow neutrosophic subgroup, Sylow neutrosophic group, 
weak Sylow neutrosophic group and Sylow free neutrosophic 


group. 


DEFINITION 2.1.10: Let N(G) be a finite neutrosophic group. If 
for a prime p* / o(N(G)) and p*' X o(N(G)), N(G) has a 
neutrosophic subgroup P of order p® then we call P a p-Sylow 
neutrosophic subgroup of N(G). 

Now if for every prime p such that p* / o(N(G)) and p 
o(N(G)) we have an associated p-Sylow neutrosophic subgroup 
then we call N(G) a Sylow neutrosophic group. 

If N(G) has atleast one p-Sylow neutrosophic subgroup then 
we call N(G) a weakly Sylow neutrosophic group. If N(G) has 
no p-Sylow neutrosophic subgroup then we call N(G) a Sylow 
free neutrosophic group. 


atl X 


Now unlike in groups we have to speak about Sylow notion 
associated with pseudo neutrosophic groups. 


DEFINITION 2.1.11: Let N(G) be a finite neutrosophic group. 
Let P be a pseudo neutrosophic subgroup of N (G) such that o 
(P) = p* where p*/ 0 (N(G)) and p*"' X o(N(G)), for p a prime, 
then we call P to be a p-Sylow pseudo neutrosophic subgroup of 
N(G). 

If for a prime p we have a pseudo neutrosophic subgroup P 
such that o(P) = p* where p®* / o(N(G)) and p*"' X o(N(G)), 
then we call P to be p-Sylow pseudo neutrosophic subgroup of 
N(G). If for every prime p such that p% / o(N(G)) and p*”' x 
o(N(G)), we have a p-Sylow pseudo neutrosophic subgroup then 
we call N(G) a Sylow pseudo neutrosophic group. 

If on the other hand N(G) has atleast one p-Sylow pseudo 
neutrosophic subgroup then we call N(G) a weak Sylow pseudo 
neutrosophic group. If N(G) has no p-Sylow pseudo 
neutrosophic subgroup then we call N(G) a free Sylow pseudo 
neutrosophic group. 


Now we proceed on to define neutrosophic normal subgroup. 
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DEFINITION 2.1.12: Let N(G) be a neutrosophic group. Let P 
and K be any two neutrosophic subgroups of N(G). We say P 
and K are neutrosophic conjugate if we can find x, y € N(G) 
withx P=Ky. 


We illustrate this by the following example: 


Example 2.1.11: Let N(G) = {0, 1, 2, 3, 4, 5, L, 21, 31, 41, 51, 1 + 
I,2+1,3 +1, ..., 5 + 51} be a neutrosophic group under 
addition modulo 6. P = {0, 3, 31, 3+3I} is a neutrosophic 
subgroup of N(G). K = {0, 2, 4, 2 + 21, 4 + 4I, 21, 41} is a 
neutrosophic subgroup of N(G). For 2, 3 in N(G) we have 2P = 
3K = {0}. So P and K are neutrosophic conjugate. 

Thus in case of neutrosophic conjugate subgroups K and P 
we do not demand o0(K) = o(P). 

Now we proceed on to define neutrosophic normal 
subgroup. 


DEFINITION 2.1.13: Let N(G) be a neutrosophic group. We say 
a neutrosophic subgroup H of N(G) is normal if we can find x 
and y in N(G) such that H =xHy for all x, y € N (G) (Note x =y 
or y =x! can also occur). 


Example 2.1.12: Let N (G) be a neutrosophic group given by N 
(G) = {0, 1, 2, I, 21, 1 + I, 2 + I, 21+ 1, 21 + 2} under 
multiplication modulo 3. 

H = {]1, 2, I, 21} is a neutrosophic subgroup such that for no 
element in N (G) \ {0}; xHy =H so H is not normal. Take K = 
{1, 2, 1 +1, 2 +21} is a neutrosophic subgroup. K is not normal. 


DEFINITION 2.1.14: 4 neutrosophic group N(G) which has no 
nontrivial neutrosophic normal subgroup is called a simple 
neutrosophic group. 


Now we define pseudo simple neutrosophic groups. 


DEFINITION 2.1.15: Let N(G) be a neutrosophic group. A 
proper pseudo neutrosophic subgroup P of N(G) is said to be 
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normal if we have P = xPy for all x, y € N(G). A neutrosophic 
group is said to be pseudo simple neutrosophic group if N(G) 
has no nontrivial pseudo normal subgroups. 


We do not know whether there exists any relation between 
pseudo simple neutrosophic groups and simple neutrosophic 
groups. 

Now we proceed on to define the notion of right (left) coset 
for both the types of subgroups. 


DEFINITION 2.1.16: Let L (G) be a neutrosophic group. H be a 
neutrosophic subgroup of N(G) for n € N(G), then Hn = {hn /h 
€ H} is called a right coset of H in G. 


Similarly we can define left coset of the neutrosophic subgroup 
HinG. 

It is important to note that as in case of groups we cannot 
speak of the properties of neutrosophic groups as we cannot find 
inverse for every x € N (G). 

So we make some modification before which we illustrate 
these concepts by the following examples. 


Example 2.1.13: Let N(G) = {1, 2, 3, 4, I, 21, 31, 41} be a 
neutrosophic group under multiplication modulo 5. Let H = {1, 
4, I, 4 I} be a neutrosophic subgroup of N(G). The right cosets 
of H are as follows: 


Hd - “S42, 3° oT ah 

H3° Se 94359, 31,20 

Hl = H4 = {1,4,1,4} 
HI = {143 = H4I 

H21 = {21,35 = H3I= (31,20. 


Therefore the classes are 


pr. = pI =) 49, 3.91 31h 
1] = [4] = H={1,4,14h 
1] = [4q = R{L4h 
2) = [By = 431, 21h, 
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Now we are yet to know whether they will partition N(G) for 

we see here the cosets do not partition the neutrosophic group. 
That is why we had problems with Lagrange theorem so 

only we defined the notion of Lagrange neutrosophic group. 


We give yet another example before which we define the 
concept of commutative neutrosophic group. 


DEFINITION 2.1.17: Let N(G) be a neutrosophic group. We say 
N(G) is a commutative neutrosophic group if for every pair a, b 
€ N(G),ab=ba. 


We have seen several examples of commutative neutrosophic 
groups. So now we give an example of a non-commutative 
neutrosophic group. 


Example 2.1.14: Let 


b 
NG) = (( | hace 10.1 an}. 
Cc 


N(G) under matrix multiplication modulo 3 is a neutrosophic 
group which is non commutative. 

We now give yet another example of cosets in neutrosophic 
groups. 


Example 2.1.15: Let N(G) = {0, 1, 2, L, 21, 14+ 1, 1+ 21,2+1,2 
+ 2I} be a neutrosophic group under multiplication modulo 3. 

Consider P = {1, 2, I, 21}. Cc N(G); P is a neutrosophic 
subgroup. 


P.0 = {0} 
P.1 = {1,2,1L,2]} 
= Pp2 
P.I = {12} 
= P.2I 
Pd+D = {14+1,2+2I, 21,1} 
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P(2+D = {2+1,1+21,0} 
P(1+21) = {1421,2+1,0} 
= P2+) 

P(2+21) = {2+21,1+1L1 2B 
= P(1+D. 


We see the coset does not partition the neutrosophic group. Now 
using the concept of pseudo neutrosophic subgroup we define 
pseudo coset. 


DEFINITION 2.1.18: Let N(G) be a neutrosophic group. K be a 
pseudo neutrosophic subgroup of N(G). Then for a € N(G), Ka 
= fka | k e K} is called the pseudo right coset of K in N(G). 


On similar lines we define the notion of pseudo left coset of a 
pseudo neutrosophic subgroup K of N (G). We illustrate this by 
the following example. 


Example 2.1.16: Let N (G) = {0, 1, I, 2, 21,1 +1,1+21,2+1,2 
+ 21} be a neutrosophic group under multiplication modulo 3. 
Take K = {1, 1 + I}, a pseudo neutrosophic group. 

Now we will study the cosets of K. K . 0 = {0}. 


K1 = {1,1+T} 
Kd+D = {1+f8 
K2 = {2,2+2]} 
K.I = {1,21} 
K 21 = {21,1} 
= KIL 
Kd+2pD = {1421} 
K@2+D = {2+ B 
K(2+21D) = {2 +421, 2} 
= K.2. 


We see even the pseudo neutrosophic subgroups do not in 
general partition the neutrosophic group which is evident from 
the example. 
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Now we proceed on to define the concept of center of a 
neutrosophic group. 


DEFINITION 2.1.19: Let N(G) be a neutrosophic group, the 
center of N(G) denoted by C(N(G)) = {x © N(G) | ax = xa for 
alla € N(G)}. 


Note: Clearly C(N(G)) # o for the identity of the neutrosophic 
group belongs to C(N(G)). Also if N(G) is a commutative 
neutrosophic group then C(N(G)) = N(G). As in case of groups 
we can define in case of neutrosophic groups also direct product 
of neutrosophic groups N(G). 


DEFINITION 2.1.20: Let N(G,), N(G2), ..., N(G,) be n 
neutrosophic groups the direct product of the n-neutrosophic 
groups is denoted by N(G) = N(G)) x ... x N(G,) = {(g1 2% «5 
gy | ei E N(G),; i = 1, 2,..., nf. 


N(G) is a neutrosophic group for the binary operation defined is 
component wise; for if *;, *., ..., *, are the binary operations on 
N(G)), ...,; N(Gn) respectively then for X = (x), ..., Xn) and Y = 
(Yi, Y2, «+». Yn) In N(G), X * Y = (&, ..., Xn) * (V1, ---3 Yn) = 
(xi*y1, ..-5 Xn*Yn) = (ti, ..., tr) € N(G) thus closure axiom is 
satisfied. We see if e = (e), ..., e,) is identity element where 
each e; is the identity element of N(Gi); 1 <i<n then X *e= 
e* X=X, 

It is left as a matter of routine for the reader to check that N 
(G) is a neutrosophic group. Thus we see that the concept of 
direct product of neutrosophic group helps us in obtaining more 
and more neutrosophic groups. 


Note: It is important and interesting to note that if we take in 
N(G)), 1 <i <n. some N(G)) to be just groups still we continue 
to obtain neutrosophic groups. 

We now give some examples as illustrations. 


Example 2.1.17: Let N(G,) = {0, 1, L 1 +1} and G) = {g| g = 
1}. N(G) = NGi) x Go = {(0, g) (0, 1) 0, 2°) I, g) , 1), 2) 
Lx dIHGVYVA+tLVYVA+L*AC1L+L D} isa 
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neutrosophic group of order 12. Clearly {(1, 1), (1, g), (1, g°)} is 
the group in N(G). 

Now several other properties which we have left out can be 
defined appropriately. 


Note: We can also define independently the notion of pseudo 
neutrosophic group as a neutrosophic group which has no 
proper subset which is a group but the pseudo neutrosophic 
group itself is a group. We can give examples of them, the main 
difference between a pseudo neutrosophic group and a 
neutrosophic group is that a pseudo neutrosophic group is a 
group but a neutrosophic group is not a group in general but 
only contains a proper subset which is a group. Now we give an 
example of a pseudo neutrosophic group. 


Example 2.1.18: Consider the set N(G) = {1, 1 + I} under the 
operation multiplication modulo 3. {1, 1 + I} is a group called 
the pseudo neutrosophic group for this is evident from the table. 


Clearly {1, 1 + I} is group but has no proper subset which is a 
group. Also this pseudo neutrosophic group can be realized as a 
cyclic group of order 2. 


2.2 Neutrosophic Bigroups and their Properties 


Now we proceed onto define the notion of neutrosophic 
bigroups. However the notion of bigroups have been defined 
and dealt in [48]. The neutrosophic bigroups also enjoy special 
properties and do not satisfy most of the classical results. So 
substructures like neutrosophic subbigroups, Lagrange 
neutrosophic subbigroups, p-Sylow neutrosophic subbigroups 
are defined, leading to the definition of Lagrange neutrosophic 
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bigroups, Sylow neutrosophic bigroups and super Sylow 
neutrosophic bigroups. 
For more about bigroups refer [48]. 


DEFINITION 2.2.1: Let By (G) = {B(G)) U B(G2), *), *2f bea 
non empty subset with two binary operation on By (G) satisfying 
the following conditions: 


i. By (G) = {B(G)) U B(G»)} where B(G,) and B(G2) are 
proper subsets of By (G). 
ii. (B(G,), *1) is a neutrosophic group. 
iii. (B(G2), *>) is a group. 


Then we define (By(G), *), *:) to be a neutrosophic bigroup. If 
both B(G,) and B(G2) are neutrosophic groups we say By(G) is 
a strong neutrosophic bigroup. If both the groups are not 
neutrosophic group we see By(G) is just a bigroup. 


We first illustrate this with some examples before we proceed 
on to analyze their properties. 


Example 2.2.1: Let By(G) = {B(G,) U B(G2)} where B(G,) = 
{g | g? = 1} be acyclic group of order 9 and B(G,) = {1, 2, I, 21} 
neutrosophic group under multiplication modulo 3. We call 
By(G) a neutrosophic bigroup. 


Example 2.2.2: Let By(G) = {B(G,) U B(G2)} where B(G;) = 
{1, 2, 3, 4, I, 41, 31, 21} a neutrosophic group under 
multiplication modulo 5. B(G2) = {0, 1, 2, 1, 2, 1+1,2+1,1+ 
21, 2 + 21} is a neutrosophic group under multiplication modulo 
3. Clearly By(G) is a strong neutrosophic bigroup. 


We now define the notion of finite neutrosophic bigroup. 


DEFINITION 2.2.2: Let By (G) = {B (G;) UB (G2), *), *2} be a 
neutrosophic bigroup. The number of distinct elements in By(G) 
gives the order of the neutrosophic bigroup. If the number of 
elements in By (G) is finite we call By (G) a finite neutrosophic 
bigroup. If it has infinite number of elements then we call 
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By (G) an infinite neutrosophic bigroup. We denote the order of 
By (G) by o (By (G)). 


We now proceed on to define the notion of neutrosophic 
bisubgroup / subbigroup (we can use both to mean the same 
structure). 


DEFINITION 2.2.3: Let By(G) = {B(G)) U B(G)), *), *} be a 
neutrosophic bigroup. A proper subset P = {P; UP» *), *>} isa 
neutrosophic subbigroup of By(G) if the following conditions 
are satisfied P = {P; U P2, *), *$ is a neutrosophic bigroup 
under the operations *;, *) i.e. (P;, *)) is a neutrosophic 
subgroup of (B, *;) and (P2, *) is a subgroup of (Bz, *)). P; = 
P 7 B, and P) = P 7 B> are subgroups of B; and B> 
respectively. If both of P; and P are not neutrosophic then we 
call P = P; UP; to be just a bigroup. 


We illustrate this by an example. 


Example 2.2.3: Let B(G) = {B(Gi) U B(G), *1, *2} be a 
neutrosophic bigroup, where 


B(G;) = {0, 1, 2, 3, 4, I, 41, 21, 31} is a neutrosophic group 
under multiplication modulo 5. 
{g | g'* = 1} is a cyclic group of order 12. 


B(G)) 
Let P(G) = {P(G;) U P(G)), *1, *2} where 


P(G,) = {1, 1,4, 41} c B(G)) is a neutrosophic group. 
P(G:) = {g,g.2°2,2", 1} CBG). 


P(G,) U P(G2) = P(G) is a neutrosophic subbigroup of the 
neutrosophic bigroup. 

Let us consider M = M, U Mp where M; = {1, 4} Cc B(G)) 
and M; = {1, g°}. M is just a subbigroup of the neutrosophic 
bigroup By (G) = B(G; ) U B(G»). 
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Note: If both B(G;) and B(G2) are commutative groups then we 
call By (G) = {B(G,) U B(G)) to be a commutative bigroup. If 
both B(G,) and B(G) are cyclic, we call By(G) a cyclic bigroup. 
We wish to state the notion of normal bigroup. 


DEFINITION 2.2.4: Let By (G) = {B(G;) U B(G)), *), *2f bea 
neutrosophic bigroup. P(G) = {P(G)) VU P(G)), *), * be a 
neutrosophic bigroup. P(G) = {P(G;) UP(G»2), *), *} is said to 
be a neutrosophic normal subbigroup of By(G) if P(G) is a 
neutrosophic subbigroup and both P(G,) and P(G2) are normal 
subgroups of B(G;) and B(G2) respectively. 


We just illustrate this by the following example. 


Example 2.2.4: By(G) = {B(G,) U B(G)), *1, *2}; where B(G;) 
= {1, 4, 2, 3, I, 21 31, 41} and B(G)) = S83. By(G) is a 
neutrosophic bigroup. This has no _ neutrosophic normal 
subbigroup. 


Now we give some examples, which show that the order of 
neutrosophic subbigroup does not divide the order of the 


neutrosophic bigroup in general. 


Example 2.2.5: Let By(G) = {B(G,) U B(G)), *1, *2}; where 


B(G,) = {1, 2, 3, 4, I, 21, 31, 41} a neutrosophic group under 
multiplication modulo 5 and 
B(G:) = {g|g’=1}, acyclic group of order 9, 


o(By(G)) = 17 a prime. But this neutrosophic bigroup has 
neutrosophic subbigroups. 

Take P = P(G,) U P(G2) where P(G;) = {1, 4, L 41} and 
P(G,) = {1, g°, g°}. P is a neutrosophic subbigroup. o(P) = 7 and 
(7, 17) = 1. 

In fact order of none of the neutrosophic subbigroups will 
divide the order of the neutrosophic bigroup as 0(By(G)) = 17, a 
prime. 


Example 2.2.6: Let By(G) = {B(G,) U B(G)), *1, *2} where 
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B(Gi). = -40245.2,3,4 52030 41+ b2+h3 44+ 1 
P22 421 3214 S22 433+ 3h.44 
31,4+ 41, 3 + 41, 2 + 41, 1 + 41 } be a neutrosophic 
group under multiplication modulo 5. 

B(G2) = {g| g'?=1} acyclic group of order 10. 


0(By(G)) = 35. P(G) = P(G;) U P(G2) where P(G;) = {0, 1, I, 41, 
4} < B(G,) and P(G2) = {g’, g*, g°, g, 1} < B(G2). o(P(G)) = 10, 
10 X 35. 

Take T = T(G,) U T(G2) where T(G;) = {0, 1, I, 41, 4} c 
B(G,), T(G2) = {1, g} <¢ B (G), O(T) = 7. 7/35. So this 
neutrosophic subbigroup is such that the order divides the order 
of the neutrosophic bigroup. 


Seeing these examples we venture to make the following 
definitions. 


DEFINITION 2.2.5: Let By(G) = {B(G)) U B(G)), *1, *:f be a 
neutrosophic bigroup of finite order. Let P(G) = {P(G)) VU 
P(G)), *), *:¢ be a neutrosophic subbigroup of By(G). If o(P(G)) 
/ 0(By(G)) then we call P(G) a Lagrange neutrosophic 
subbigroup, if every neutrosophic subbigroup P is such that 
o(P) / o(By(G)) then we call By(G) to be a Lagrange 
neutrosophic bigroup. That is if every proper neutrosophic 
subbigroup is Lagrange then we call By)(G) to be a Lagrange 
neutrosophic bigroup. If By (G) has atleast one Lagrange 
neutrosophic subbigroup then we call By (G) to be a weak 
Lagrange neutrosophic bigroup. If By (G) has no Lagrange 
neutrosophic subbigroup then By(G) is called Lagrange free 
neutrosophic bigroup. 


Now we proceed on to give some examples and results which 
guarantee the existence of Lagrange free neutrosophic bigroup. 


THEOREM 2.2.1: Let By(G) = {B(G)) U B(G)), *), *)} be a 


neutrosophic bigroup of prime order p, then By(G) is a 
Lagrange free neutrosophic bigroup. 
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Proof: Given By(G) is a neutrosophic bigroup of order p, p a 
prime. So if {Pxy(G,) U P(G)), *1, *2} is any neutrosophic 
subbigroup of By(G) clearly (o(Px(G), 0o(Bn(G))) = 1. Hence the 
claim. 


Now we proceed on to define the notion of Sylow property on 
the neutrosophic bigroup. 


DEFINITION 2.2.6: Let By(G) = {B(G,) U B(G2), *1, *2f be a 
neutrosophic bigroup of finite order. Let p be a prime, such that 
p*/ 0(B\(G)) and p*' X 0(By(G)), if Bx(G) has a neutrosophic 
subbigroup P of order p® then we call P a p-Sylow neutrosophic 
subbigroup. 

If for every prime p such that p* / 0(By(G)) and p*"' x 
0(By(G)) we have a p-Sylow neutrosophic subbigroup; then we 
call By(G) a Sylow- neutrosophic bigroup. If By(G) has atleast 
one p-Sylow neutrosophic subbigroup then we call By(G) a 
weakly Sylow neutrosophic bigroup. If By(G) has no p-Sylow 
neutrosophic subbigroup then we call By(G) a free Sylow 
neutrosophic bigroup. 


We know the collection of all neutrosophic bigroups which are 
of order p, p a prime then we call By(G) a Sylow free 
neutrosophic bigroup. 

Now we proceed on to define the notion of Cauchy 
neutrosophic element and Cauchy element of a neutrosophic 
bigroup. 


DEFINITION 2.2.7: Let By(G) be a neutrosophic bigroup of 
finite order, x in By(G) is a Cauchy element if x" = 1 and m / 
0(By(G)); y in By(G) is a Cauchy neutrosophic element if y' = I 
and t / 0(By(G)). If every element in By(G) is either a Cauchy 
element or a Cauchy neutrosophic element then we call By(G) 
to be a Cauchy neutrosophic bigroup. If By(G) has atleast a 
Cauchy element or a Cauchy neutrosophic element then we call 
By(G) a weakly Cauchy neutrosophic bigroup. 

If no element in By(G) is a Cauchy element or a Cauchy 
neutrosophic element then we call By(G) a Cauchy free 
neutrosophic bigroup. 
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Now we define the notion of conjugate neutrosophic subbigroup. 


DEFINITION 2.2.8: Let By(G) = {B(G;) U B(G)), *), *:} be a 
neutrosophic bigroup. Suppose P = {P(G;) U P(G2), *;, *2f and 
K = {K(G) VU K(G)), *), *} be any two neutrosophic 
subbigroups we say P and K are conjugate if each P(G;) is 
conjugate with K(G,), i = 1, 2, then we say P and K are 
neutrosophic conjugate subbigroups of By (G). 


It is interesting to note that even if P and K are neutrosophic 
conjugate subbigroups o(P) need not be equal to o(K) which is a 
marked difference from the usual groups. 


Now we proceed on to define the notion the neutrosophic 
bicentre of a neutrosophic bigroup. 


DEFINITION 2.2.9: Let By(G) = {B(G)) U B(G)), *), *2} be any 
neutrosophic bigroup. The neutrosophic bicentre of the bigroup 
By(G) denoted C)(G) = C(G;) U C(G)) where C(G;) is the 
centre of B(G,) and C(G») is the centre of B(G2). If the 
neutrosophic bigroup is commutative then Cy (G) = By (G). 


It is important to note that Cy(G) is non-empty for, atleast they 
have identity element in them. 


Example 2.2.7: Let By(G) = {B(G1) U B(G») *1, *2} where 

B(G;) = {1, 2, I, 21} a neutrosophic group under multiplication 

modulo 3 and B(G») = 83. The centre of By(G) which is Cy(G) = 
le 2S 

B(G\) VU fC , } < Bn (G). We see Cy(G) is a 

neutrosophic bigroup of order 5 and o(Cy(G)) / 0(Bn (G)). 


Now we proceed on to define strong neutrosophic bigroups and 
enumerate some of its properties. 
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DEFINITION 2.2.10: 4 set ((G UI) +, 0) with two binary 
operations ‘+’ and ‘o’ is called a strong neutrosophic bigroup 
if 
i. (GUD=(G, VI) UG, UD), 
ii. ((G; UI), +) is a neutrosophic group and 
iii. ((G, UT), o) is a neutrosophic group. 


Example 2.2.8: Let {(G U I), *1, *2} be a neutrosophic strong 
bigroup where (G U I) =(Z UTD) vu {0, 1, 2, 3, 4, L 21, 31, 41. 
(Z\J1) under ‘+’ is a neutrosophic group and {0, 1, 2, 3, 4, I, 21, 
31, 41} under multiplication modulo 5 is a neutrosophic group. 


Now we proceed on to define neutrosophic subbigroup of a 
strong neutrosophic bigroup. 


DEFINITION 2.2.11: 4 subset H # ¢ of a strong neutrosophic 
bigroup ((G UTI) * o) is called a strong neutrosophic 
subbigroup if H itself is a strong neutrosophic bigroup under 
“*’ and ‘o’ operations defined on (G UI). 


We have a interesting theorem based on this definition. 


THEOREM 2.2.2: Let ((G UL), +, o) be a strong neutrosophic 
bigroup. A subset H # ¢ of a strong neutrosophic bigroup (G VU 
I) is a neutrosophic subbigroup then (H, +) and (H, o) in 
general are not neutrosophic groups. 


Proof: Given ((G U I), +, 0) is a strong neutrosophic bigroup 
and H # 9 of G is a neutrosophic subbigroup of G to show (H, 
+) and (H, 0) are not neutrosophic bigroups. We give an 
example, to prove this consider the strong neutrosophic bigroup; 
GUD ZDYDvY 1, 1,1, -1, lL — I, i, — il} under the 
operations + and ‘o’. 


((Z UI), +) is a neutrosophic group under ‘+’ and {— 1, 1, i, —1, 


I, — I, il, — il} is a neutrosophic group under multiplication ‘o’. 
H = {0, 1,-1, (2Z U 21), i, -1}, H = proper subset of (G U J) and 
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H =H, Vv Hp = {1 -L i-i} U {QZ U 21} is a neutrosophic 
subbigroup but H is not a group under ‘+’ or ‘o’. 


Thus we give a nice characterization theorem about the strong 
neutrosophic subbigroup. 


THEOREM 2.2.3: Let {(G Ul), +, of be a strong neutrosophic 
bigroup. Then the subset H (# @) is a strong neutrosophic 
subbigroup of (G U I) if and only if there exists two proper 
subsets (G; UI), (Gp UD) of (G UD) such that 


i. (GUD=(G, VD UG, UD) with ((G; UT), +) isa 
neutrosophic group and ((G2 UI), o) a neutrosophic 


group. 
ii. (H 7 (G; UL), +) is a neutrosophic subbigroup of (G; 
UD) fori = 1, 2. 


Proof: Let H # 6 be a strong neutrosophic subbigroup of (G U I). 
Therefore there exists two proper subsets, H;, H2 of H such that 


(1) H=H, v Ho. 
(2) (Hi, +) is a neutrosophic group. 
(3) (Hb, 0 ) is a neutrosophic group. 


Now we choose H,; as H - (G, U I) then we see H, is a 
subset of (G, U I) and by (2) (Hj, +) is a neutrosophic subgroup 
of (G,; U I). Similarly choose H, = H M (G U I) and we see H 
as H M (Gp UI ) which is clearly a neutrosophic subgroup of 
(Gy U I). 

Conversely suppose (1) and (2) of the statements of the 
theorem be true. To prove, (H, +, 0) is a strong neutrosophic 
bigroup it is enough to prove (HM (G; UD) U (HA (G, UD) = 
H. 

By using set theoretic methods the relation is true. It is 
important to note that in the above theorem the condition (1) can 
be removed, we have included it only for easy working. 

Now we proceed on to define the notion of strong 
neutrosophic commutative bigroup. 
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DEFINITION 2.2.12: Let ((G UTI} *, *) be a strong 
neutrosophic bigroup. (G UI) = (G; VI) U(G) UI ) is said to 
be a commutative neutrosophic bigroup if both ((G; UI ), *)) 
and ((G2 UI ), *>) are commutative. 


Now as in case of bigroups even in case of strong neutrosophic 
bigroups by the order of the strong neutrosophic bigroup we 
mean the number of distinct elements in it. If the number of 
distinct elements is finite we say the neutrosophic bigroup is of 
finite order, otherwise of infinite order. 


THEOREM 2.2.4: Let ((G Ul} +, o) be a strong finite 
neutrosophic bigroup. Let H # ¢ be a proper neutrosophic 
subbigroups of (G UI ). Then the order of H in general does not 
divide the order of (G UI) 


Proof: This is evident from the following example. Take (G U 
Ih)= (CG, UD U (Go UD) where 


(GUT = {1, 2, 3, 4, I 21, 31, 41} a neutrosophic group 
under multiplication modulo 5. 

(Gr Dy. x= 402 1, 2p 120-1 ly, dot 2 Re 2 2 
multiplication modulo 3. 


o((G UT )) = 17. 

Take {1, I, 41, 4} < {1, 2, 3, 4, I, 21, 31, 41} and {0, 1, I, 2, 
2} ((G@, VI). H=H, U Mo= {1, 1, 4, 483 vu {0, 1, 2,1, 21} isa 
neutrosophic subbigroup. o(H) = 9. 9 X 17. 


So it is not easy to derive Lagrange Theorem for neutrosophic 
bigroups. Now we proceed on to define neutrosophic normal 
subbigroup. 


DEFINITION 2.2.13: Let ((G UI) +, o) be a strong neutrosophic 
bigroup with (G UI) = (G; UI) UV (G, UT). Let (H, + o) bea 
neutrosophic subbigroup where H = H,; U H>. We say H is a 
neutrosophic normal subbigroup of G if both H,; and H) are 
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neutrosophic normal subgroups of (G; U I) and (G) v TI) 
respectively. 


Example 2.2.9: Let ((G U I), +, 0) be a neutrosophic bigroup 
where (G U I) = (G; UT) U(G@ VI) with 


(G; UI) = (Z UT) the neutrosophic group under addition and 
(GQ UT) {0, 1, 2, 3, 4, I, 21, 31, 41} a neutrosophic group 
under multiplication modulo 5. 


Take H = H, VU H, where 


H, = {2Z UT), +} c (ZU D, +} is a neutrosophic 
subgroup and 
H, = _ {0, 1,1, 4, 41} is a neutrosophic subgroup. 


Thus H is a strong neutrosophic normal subbigroup of (G U I). 

As in case of strong neutrosophic subbigroup we see, the 
strong neutrosophic normal subbigroup of a finite neutrosophic 
bigroup does not in general divide the order of the neutrosophic 
bigroup. 


Now we proceed on to define strong neutrosophic 
homomorphism of strong neutrosophic bigroups. 


DEFINITION 2.2.14: Let ((G UI) +, 0) and ((K UT) 0’, ® be 
any two strong neutrosophic bigroups where (G UI) = (G; UI) 
U (G, UD) and (K UI) = (K; UI) U (K2 UI). We say a bimap ¢ 
= 4) Ud: GUL) > (K UL) (Here $y (I) = Land } (I) = 1) is 
said to be a strong neutrosophic bigroup bihomomorphism if ¢; 
= @/ (G, UD) and & = ¢/ (G, UT) where ¢; and ¢ are 
neutrosophic group homomorphism from (G,; UI) to (K; UI) 
and (G; UI) to (K, UI) respectively. 


THEOREM 2.2.5: Let ((G UID) = (G; UI) U(G UI), o, +) bea 
strong neutrosophic bigroup of finite order n. If p/n then the 
neutrosophic bigroup may not in general have neutrosophic 
bigroup of order p.(p need not necessarily be a prime). 
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Proof: We prove this by the following example. Let ((G U J), +, 
*) be a strong neutrosophic bigroup where (G U I) = (G; UD U 
(G, U I) with 


(Gy U I) 


{07 1, 2) J he 2 2d 2 LS 
neutrosophic group under multiplication modulo 
3. 

(QUI) = {0, 1, 2, 3, 4, I, 21, 31, 41} a neutrosophic group 
under multiplication modulo 5. 


o((G U I)) = 18. Take H = H; U Hy where H, = {1, 2, I, 21} and 
H, = {1, 4, I, 41}. o(H) = 8, H is a neutrosophic subbigroup of 
(GUI). o(H) X o0(G UD) ie. 8 X 18. Hence the claim. 


One can develop the notion of biorder and the notion of pseudo 
divisor to strong neutrosophic bigroup from bigroups. Interested 
reader can refer [48, 50]. 

Here we define a new notion called Lagrange strong 
neutrosophic subbigroup and Lagrange strong neutrosophic 
bigroup. 


DEFINITION 2.2.15: Let ((G UI), *, o) be a strong neutrosophic 
bigroup of finite order. Let H # @ be a strong neutrosophic 
subbigroup of ((G UL), *, 0). Ifo (A) /0 ((G UT) then we call 
Ha Lagrange strong neutrosophic subbigroup of (G vu I). If 
every strong neutrosophic subbigroup of (G UI) is a Lagrange 
strong neutrosophic subbigroup then we call (G UI) a 
Lagrange strong neutrosophic bigroup. 

If the strong neutrosophic bigroup has atleast one Lagrange 
strong neutrosophic subbigroup then we call (G UI) a weakly 
Lagrange strong neutrosophic bigroup. 

If (G UD) has no Lagrange strong neutrosophic subbigroup 
then we call (G UI) a Lagrange free strong neutrosophic 
bigroup. 


The following result is important for it gives us a class of 
Lagrange free strong neutrosophic bigroup. 
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THEOREM 2.2.6: All strong neutrosophic bigroups of a prime 
order are Lagrange free strong neutrosophic bigroups. 


The proof of the above theorem is left as an exercise. 


Now it may happen for a finite strong neutrosophic bigroup of 
order n, we may find a prime p such that p*/n and p*”' ¥ n and 
the strong neutrosophic bigroup having strong neutrosophic 
subbigroups of order p*; how to define such neutrosophic 
subbigroup? 


DEFINITION 2.2.16: Let ((G UI), o, *) be a strong neutrosophic 
bigroup of finite order n. If for a prime p such that p* / o(G U1) 
and p*"' ¥ o(G UL) we have strong neutrosophic subbigroup H 
of order p® then we call H a p-Sylow strong neutrosophic 
subbigroup. If for each prime p, such that p® / ((G UT) and 
p*' Xo (G UL) we have a p-Sylow strong neutrosophic 
subbigroup then we call (G VU I) to be a Sylow strong 
neutrosophic bigroup. If (G UI) has atleast one p-Sylow strong 
neutrosophic subbigroup then we call (G UI) a weakly Sylow 
strong neutrosophic bigroup. If (G UI) has no p-Sylow strong 
neutrosophic subbigroup then we say (G UI) is a Sylow free 
strong neutrosophic bigroup. 


Next we proceed on to define the notion of Cauchy element and 
Cauchy neutrosophic element. 


DEFINITION 2.2.17: Let ((G UI), *, o) be a strong neutrosophic 
bigroup of finite order. x € (G UI) is a Cauchy element if x" = 
e (e the identity element of Gj) andn/o ((G UI). An element y 
€ (G UI) is a Cauchy neutrosophic element if y" = I and m / 
o((G U I). If in a neutrosophic bigroup every element x 
is such that x" = I is a Cauchy element or every y such that 
y" =I is a Cauchy neutrosophic element then we call the 
strong neutrosophic bigroup to be a Cauchy strong 
neutrosophic bigroup. 
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If (G UTD) has atleast a Cauchy element and a Cauchy 
neutrosophic element then we call (G UI) a weakly Cauchy 
strong neutrosophic bigroup. If (G UI) has no Cauchy element 
and no Cauchy strong neutrosophic element then we say (G UI) 
is a Cauchy free strong neutrosophic bigroup. If the 
neutrosophic bigroup has only Cauchy elements or Cauchy 
neutrosophic elements then we call (G UI) to be a semi Cauchy 
strong neutrosophic bigroup.(‘or’ not used in the mutually 
exclusive sense). 


It is an easy task to verify all Cauchy strong neutrosophic 
bigroups are semi Cauchy neutrosophic bigroups. 


We can also develop a new type of Sylow substructures of finite 
strong neutrosophic bigroups. Throughout this section we mean 
the neutrosophic bigroup is a strong neutrosophic bigroup. 


DEFINITION 2.2.18: Let ((G U I) 0, *) be a neutrosophic 
bigroup with (G UI) = (G; UD) U(G, UI) Let H = H; UH; 
be a neutrosophic subbigroup of (G UL). We say H is a (p}, p2) 
Sylow strong neutrosophic subbigroup of (G UI) if H; is a pi- 
Sylow neutrosophic subgroup of (G; UI) and H) is a p2 -Sylow 
neutrosophic subgroup of (G2 UI). 


We have the following theorem: 


THEOREM 2.2.7: Let ((G UI) *, o) be a finite neutrosophic 
bigroup with (G UI) = (G; UD) U (G UT) Let (p), p2) be any 
pair of primes such that p?|o(G, UT) and pf / 0(G2 U I. 
Then ((G UT), o, *) has (pi, p2) Sylow strong neutrosophic 
subbigroup with biorder p* + ps. 


Proof: Given ((G U I), 0, *) = ((G; UT), 0) U (G2. UD, *) is a 
neutrosophic bigroup of finite order. Given (pi, p2) are a pair of 


primes such that p*|((G, U I) and p$/ 0 ((G; UD) and H, is 
a pi-Sylow neutrosophic subgroup of (G; U I), and Hp is a po- 
Sylow neutrosophic subgroup of (G> U I). Thus H = H; U Hp is 
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the required (p,, p2)- Sylow neutrosophic subbigroup of ((G U I), 
o, *). We see biorder is p? + p§. 


Now we proceed on to define conjugate neutrosophic sub- 
bigroups. 


DEFINITION 2.2.19: Let G = (G; UT, * @) be a neutrosophic 
bigroup. We say two neutrosophic strong subbigroups H = H, 
UH, and K = K, UK; are conjugate neutrosophic subbigroups 
of (G UD = (G; VI) U(G, VIL) if H, is conjugate to K; and 
Hy is conjugate to K> as neutrosophic subgroups of (G; UI) and 
(G) Ul) respectively. 


Now we proceed on to define normalizer of an element a of the 
neutrosophic bigroup (G U I). 


DEFINITION 2.2.20: Let ((G UL), * 0) = ((G UT) *) UG YU 
I), o) be a neutrosophic bigroup. The normalizer of a in (G UI) 
is the set N (a) = {& € (G UD) | xa =ax} = Ni (a) UN2(a@) = &) 
€ (G; UI) | xa = ax; } Ufx2 € (G) Ul) | x2 a = ax? ifa €(G; 
UD A(G2 VD ifa € ((G; UI) anda ¢ ((G) UL), No (a) = o 
like wise ifa ¢ (G; UI) anda &€ ((G) UT) then N;(a) = ¢ and 
N2(a) = N(a) is a neutrosophic subbigroup of (G UI), clearly 
N(a) # dfor I € N(a). 


Now we proceed on to define the notion of right bicoset of a 
neutrosophic subbigroup. 


DEFINITION 2.2.21: Let ((G UT), 0, *) = ((G; UL), 0) U(G2 U 
I), *) be a neutrosophic bigroup. Let H = H; U H> be a strong 
neutrosophic subbigroup of (G UL). The right bicoset of H in 
(G UL) for some ain (G UI) is defined to be Ha = fh, a | h; € 
H, and a EG; 7G} Ufhra | h> € Handa EG, G2} ifa E€ 
G, anda ¢ G> then Ha = fhya\| h; € Hi} UH> anda ¢ G; then 
Ha= thoa | ho e€ H)} UH, anda EG) 
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Thus we have bicosets depends mainly on the way we choose a. 
If Gj M Go = 6 then the bicoset is either Hja U H2 or H; U Haa. 

Similarly we define left bicoset of a neutrosophic 
subbigroup H of (G U I). 

The next natural question would be if H = H; U H2 and K = 
K, U Ky be any two strong neutrosophic subbigroups of (G U I) 
= (G, UI) U (G VU I) how to define HK. 

| h, eH, h, €H, | 
We define HK = +h,k,, h,k, | , 
k,eK, and K,e&€K, 

The following theorem is left as an exercise for the reader to 
prove. 


THEOREM 2.2.8: Let (G Ul) = (G; UI) UG, UD) bea 
neutrosophic bigroup H = H, UH, and K = K, UK; by any two 
neutrosophic subbigroups of (G UI). HK will be a neutrosophic 
subbigroup if and only if HK; = K);H; and HKz = K2H> are 
neutrosophic subgroups of (G; UI) and (G2 UI) respectively. 


We define strong neutrosophic quotient bigroup. 


DEFINITION 2.2.22: Let (G UI) = (G; UI) U (G, UD) be a 
neutrosophic bigroup we say N = N,; UN; is a neutrosophic 
normal subbigroup if and only if N; is a neutrosophic normal 
subgroup of (G; UI) and N; is a neutrosophic normal subgroup 
of (G2 UT) 


We define the strong neutrosophic quotient bigroup 


i Ul) . (G, UT) 
N, N, 


(GUT) 

—— as 
N 

| which is also a neutrosophic bigroup. 


It is important to note only strong neutrosophic bigroups of (G 
U I) can have just neutrosophic subbigroups of (G U J). All 
properties and definitions can be easily carried out for these 
neutrosophic subbigroups also. Infact we can have for strong 
neutrosophic bigroups just subbigroups also. Infact we can have 
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for strong neutrosophic bigroups just subbigroups which are 
neither neutrosophic nor strong neutrosophic. 


2.3 Neutrosophic N-groups and their properties 


Now we proceed on to define the notion of neutrosophic N- 
group and give some of its basic properties, such that when they 
satisfy classical theorem like Lagrange theorem and Sylow 
theorem. 


DEFINITION 2.3.1: Let ((G UT) *),..., *x) be a nonempty set 
with N-binary operations defined on it. We say (G UI) is a 
strong neutrosophic N-group if the following conditions are true. 


i. (GUD = (GG, VD U(G@ UD) uv... U (Gy UD where 
(G; UL) are proper subsets of (G UT). 
ii. ((G; UTI), *;) is a neutrosophic group, i =1, 2,..., N. If 
in the above definition we have 
a (GUD=G, UG UD UG; UTI)... UGK YU 
Gx+1 Css U Gy. 
b. (G;, *;) is a group for some i or 
iii. ((G; UI), *;) is a neutrosophic group for some j. 


then we call (G UI) to be a neutrosophic N-group. 
We now illustrate this by examples. 


Example 2.3.1: Let (GUT) = (G,; VP U(G UD UG; UD 
U (G4 U TD), *1, *2, *3, *4) be a neutrosophic 4 group where 


(G,UT) = {1, 2,3, 4, I, 21, 31, 41} neutrosophic group under 
multiplication modulo 5. 

(UIT) = {0, 1,2, 1 + 1,2 4+ 1, 214+ 2, 214+ 1, 1, 21} a 

neutrosophic group under multiplication modulo 

3, 

(Z UT) aneutrosophic group under addition and 


(G3 U I) 
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(GygUl) = {(a, b) | a, b © {1, L 4, 41} component-wise 
multiplication modulo 5}; 


(G UI) is a strong neutrosophic 4-group. 
Now we give an example of a neutrosophic N-group. 


Example 2.3.2: Let (GUT) =(G;, VDU @UDUG YU Gs, 
*1, *, *3, *4) be a neutrosophic 4-group, where 


(G,UT) = {1, 2, 3, 4, I, 21, 31, 41} a neutrosophic group 
under multiplication modulo 5. 

(GUT) = {0, 1, I, 141} a neutrosophic group under 
multiplication modulo 2. 

G3 = S3 and 

Gy = As the alternating group. 


(G UI) is a neutrosophic N-group (N = 4). 


Now as in case of other algebraic structures we define the order 
of a neutrosophic N-group. 


DEFINITION 2.3.2: Let ((G UI) = (G, VD U(G, UD VU. 
(Gy UL), *),...., *x) be a strong neutrosophic N-group. By order 
of (G UI) we mean the number of distinct elements in (G UI). 
If the number of elements in (G UI) is finite we say (G UT) is a 
finite neutrosophic N-group, otherwise infinite and we denote it 
by o((G UI). 


It is interesting to note that even if one of the ((G; U I), *j) is 
infinite then (G U I) is an infinite neutrosophic N-group. If all 
the groups ((G; U I), *i) are finite then the neutrosophic N-group 
is finite. 

Now we proceed on to define neutrosophic sub N-group of 
a neutrosophic N-group. 


DEFINITION 2.3.3: Let ((G UI) = (G, VD) U(G, UD VU. 
(Gy UT), *), ..., *y) be a neutrosophic N-group. A proper subset 
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(P, *),..., *n) is said to be a neutrosophic sub N-group of (G U 
DT) if P = (P; Uv... Py) and each (P; , *;) is a neutrosophic 
subgroup (subgroup) of (G;, *), 1 Si <N. 


It is important to note (P, *;) for no i is a neutrosophic group. 
We first illustrate this by the following example. 


Example 2.3.3: Let (GU I) =(G; UI) U(G VI) U(G3; UD), 
*1, *, *3) be a neutrosophic 3 group, where 


(G,; UT) = (QUT) aneutrosophic group under multiplication, 
(G) UT) {0, 1, 2, 3, 4, I, 21, 31, 41} neutrosophic group 
under multiplication modulo 5 and 

{0, 1,2, 1 +1,2 +1, I, 21, 1 + 21,2 + 2a 
neutrosophic group under multiplication modulo 
3. 


(G3 U I) 


(G U I) is a neutrosophic 3 group. 
Take 


1 1 
P= oe 20 1s ol, 4 LAD 1224, 21% 
2n’ ’ (21)" 


P is aneutrosophic sub 3-group where 


P= (5 on, ay 


2n? ’ (21) 
neutrosophic group under multiplication, (1, 4, I, 41) a 
neutrosophic subgroup under multiplication modulo 5 and {1, 2, 
I, 21} a neutrosophic subgroup under multiplication modulo 3. P 
is a strong neutrosophic sub 3-group. 

Now consider T = {Q \ {0}, 1 23 4, 1, 2}. T is also sub 3- 
group but T is not a neutrosophic sub 3-group of (G U I). Also 
consider X = {Q \ {0}, C, 2], 1, 2), (, 4, L 4D}, we see X is a 
neutrosophic sub 3-group. Thus we see a strong neutrosophic N- 
group can have 3 types of subgroups viz. 


1. Strong neutrosophic sub N-groups. 


2. Neutrosophic sub N-groups. 
3. Sub N-groups. 
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Also a neutrosophic N-group can have two types of sub N- 
groups. 

1. Neutrosophic sub N-groups. 

2. Sub N-groups. 


Now having defined sub N-groups of several types we do not 
know when the order of the sub N-group will divide the order of 
the neutrosophic N-group, to this end we make the following 
definitions: 


DEFINITION 2.3.4: Let ((G UID) = (GG; VDU@ UD V..Y 
(Gy UT), *), ..., *y) be a strong neutrosophic N-group of finite 
order. Suppose (P, *), ..., *y) is a strong neutrosophic sub N- 
group of (G UI) such that o(P) /o ((G UL)) then we call P to be 
a Lagrange strong neutrosophic sub N-group of (G VU 1). If 
every strong neutrosophic sub N-group is a Lagrange strong 
neutrosophic sub N-group then we call (G UI) to be a strong 
Lagrange strong neutrosophic N-group. 

If (G UP) has atleast one Lagrange strong neutrosophic sub 
N-group then we call (G VU I) a weakly Lagrange strong 
neutrosophic N-group. If (G U I) has no Lagrange strong 
neutrosophic sub N-group then we call (G UI) a Lagrange free 
strong neutrosophic N-group. 

If (G UI) is a strong neutrosophic N-group and if (G UI) 
has a proper subset T such that T is a neutrosophic sub N-group 
and not a strong neutrosophic sub N-group and o(T) / o(G UT) 
then we call T a Lagrange neutrosophic sub N-group. 

If every neutrosophic sub N-group of (G UI) is a Lagrange 
neutrosophic sub N-group then we call (G UI) a Lagrange 
neutrosophic N-group. If (G VU I) has atleast one Lagrange 
neutrosophic sub N-group then we call (G VU I) a weakly 
Lagrange neutrosophic N-group. 

If the strong neutrosophic N-group has no Lagrange 
neutrosophic sub N-group then we call (G U I) to be a 
Lagrange free neutrosophic N-group. 

Similarly we define for a strong neutrosophic N-group 
(G UL) sub N-groups; we say a proper subset V = {V; U...U 
Vy, *, «.» *nf¢ of a sub N-group of (G UI) to be a Lagrange sub 


71 


N-group if o(V) / o(G UL). If (G6 UT) has atleast one 
Lagrange sub N-group then we call (G U I) to be a weak 
Lagrange N-group. 

If every sub N-group of (G UI) is Lagrange then we call 
(G Ul) to be a Lagrange N-group. If (G UI) has no Lagrange 
sub N-group then we call (G UI) to be a Lagrange free N- 
group. 


It is easily verified. All strong neutrosophic N-group of order p, 
p a prime are Lagrange free strong neutrosophic N-group, 
Lagrange free neutrosophic N-group and Lagrange free N-group. 

Does their exists any relation between Lagrange 
neutrosophic N-group and Lagrange strong neutrosophic N- 
group? Give examples of a Lagrange strong neutrosophic N- 
group which is Lagrange free neutrosophic N-group? Does their 
exist a strong neutrosophic N-group which is Lagrange free 
strong neutrosophic N-group and a Lagrange neutrosophic N- 
group? 

On similar lines we can define these substructures in case of 
neutrosophic N-groups which are not strong neutrosophic N- 
groups. 

We just give some examples. 


Example 2.3.4: Let (GUD =(GiVUDU@WMUDUGUI, 
*1, *), *3), where (G; U I) = {(Z> U I)} group under addition 
modulo 6, G) = Ay and G3 = (g | g'* = 1) a cyclic group of order 
12, o0(G UT) = 60. 

Take P = ((P; UT) U Py U Py, *), *, *3), a neutrosophic sub 
3-group where {(P; U I)} = {0, 3, 3, 3 + 31}, Po = 


oD: Be AAS 2 3 Af 5 BA TS De A oa 
b2°3-4)\2. 1 4 Bla 3 247 (3 4 1 2 
, P; = {1, g°}, o(P) = 10, 10 / 60 so P is a Lagrange neutrosophic 
sub 3-group. 
Take T = (<T, U I) UT, U T3, * 1, *,, *) where (T; U I) = 
{0, 3, 31, 3 + 31}, T, = P and T; = {g*, g°, 1}, o(T) = 11 and 11 
X 60 so T is not a Lagrange neutrosophic sub 3-group. 
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: 12 3 4\/1 2 3 4 
Consider {0, 2,4} U : U {, 
2 1 4 3) \1 2 3 4 


g, 2} = W= W, U Wp U W3, 0(W) = 9, 9 X 60. Thus this 
sub 3-group is not a Lagrange sub 3-group. Take V = {0, 2, 4} 


12 3 4\(1 2 3 4) (1 23 4 —_ 
U > ’ {ls e525 
3 A De WD Ae 20 SBN 2) B24 


2} = VU V2 U V3, 0(V) = 10, 10 / 60. V is a Lagrange sub 3 
group. 


DEFINITION 2.3.5: Let ((G UI) = (G,; VD U(G, UD VU. VU 
(Gy UL), *), ..., *y) be a strong neutrosophic N-group of finite 
order. Let p be a prime such that p*/ 0 ((G UL) and p*' X o 
((G UT) and if (G UL) has a strong neutrosophic sub N-group 
P of order p® then we call Pa p-Sylow strong neutrosophic sub 
N-group. 

If for every prime p such that p* / o((G U1) and p*"' X o 
((G UT) we have a strong neutrosophic sub N-group then we 
call (G UI) a Sylow strong neutrosophic N-group. Now if (G U 
L) has for a prime p, p*/ o((G U1) and p*"' X o(G UL) a 
neutrosophic sub N-group P, of order p® then we call P, a p- 
Sylow neutrosophic sub N-group. 

If for every prime p we have a p-Sylow neutrosophic sub N- 
group then we call (G UI) a Sylow neutrosophic N-group. If (G 
U I) has atleast one p-Sylow strong neutrosophic sub N-group 
then we call (G UI) a weak Sylow strong neutrosophic N-group. 
If (G UTD) has atleast one p-Sylow neutrosophic sub N-group 
then we call (G UI) a weak Sylow neutrosophic N-group. If (G 
UT) has p-Sylow strong neutrosophic sub N-group then we call 
(G UTI) a Sylow free strong neutrosophic N-group. If (G U I) 
has no p Sylow neutrosophic sub N-group we call (G UI) a 
Sylow free neutrosophic N-group. 


Inter relations connecting them will give many interesting 
results. 

Can one say or prove the existence of a Sylow strong 
neutrosophic N-group which is not a Sylow neutrosophic N- 
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group or can one give an example of a Sylow neutrosophic N- 
group which is not a Sylow strong neutrosophic N-group? Does 
there exists any special criteria for a strong neutrosophic N- 
group to be both Sylow strong neutrosophic N-group and Sylow 
neutrosophic N-group? 

We have enlisted a few problems and can be tacked by any 
interested reader. 

Now we give nice example before we proceed on to define 
Cauchy neutrosophic N-group. 


Example 2.3.5: Let (GUT) =(G; VD UG@UDUGUID, 
*1, “2, *3) where 


GUT = {1, 2, 3,4, 5, 6, 7, 8, 9, 10, I, 21, 31, 41 SI, 61, 71, 
81, 9I, 101}, be a neutrosophic group under 
multiplication modulo 11. 


(QUT) = {(a, b) | a, b © {1, 2, I, 21}, neutrosophic group 
under component wise multiplication modulo 3, 
(Gas T = 40,-4,°2, T. 2h. ke GY 2 2 2 


neutrosophic group under multiplication modulo 
3, 


o(G U1) = 45, 5/45 and 5° X 45, 37/ 45and 3° X 45. 

Consider T = (T; U T2 U Ts, *1, *2, *3) a proper subset of (G 
U I) where T, = (1, 10, I, 10D, T. = {(1, 1), d, D} and T; = (1, 
2I, I), o(T) = 9. So T is a 3-Sylow strong neutrosophic sub 3- 
group. We see (G U J) has no 5-Sylow strong neutrosophic sub 
3-group, so (G U I) is only a weakly Sylow strong neutrosophic 
3-group. 

Take S = (S; U S2 U 83, *; *2 *3) proper subset in (G U I) 
where S; = (1, 10), S. = (1, 1) and 8S; = (1, I). S is a 5 Sylow 
neutrosophic sub 3-group. 

U= {U, UUs Uv U3, ae *,, * where U, = {1, I, 10, 101}, 
Uy = {(1,1), (2, 2), (1, 2), (2, 1)} and U3 = {1, I}. U is a 3-Sylow 
neutrosophic sub 3-group. Thus (G U I) is a Sylow neutrosophic 
sub 3-group but only a weak Sylow neutrosophic sub 3-group. 

Now consider the set W = {W,; U W2 U W3;, *), *, *3} 
where W, = {1, I, 10, 101}, W2 = (G) UI) and W; = {0, 2, 1, 21, 
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I}. Clearly o(W) = 25 = 5’. Let B = {B; U By U By, *, * *3} 
where B, = {1, 10}, By = {G) UT} and B; = {G3 UB, 0(B) = 27 
and B is a neutrosophic sub N-group of order 3°. 


Now these sub N-groups leads us to define some more new 
concepts. 


DEFINITION 2.3.6: Let ((G UI) = (G, VD) U(G, UD VU. 
(Gy UL), *), ..., *y) be a strong neutrosophic N-group. If (G VU 
I) is a Sylow strong neutrosophic N-group and if for every 
prime p such that p*/ 0((G U1) and p*"' X o((G UI) we have 
a strong neutrosophic sub N-group of order p*™ (t = 1) then we 
call (G UI) a super Sylow strong neutrosophic N-group. 


We define in the same way super Sylow neutrosophic N-group. 


DEFINITION 2.3.7: Let ((G UD) = (G; UD vu... U(Gy UI), *;, 
.. *y) be a strong neutrosophic N-group of finite order. 
Suppose (G UI) is a Sylow neutrosophic N-group. If in addition 
to this for every prime p, p“/ 0((G UI) and p*"' X 0 (G UL) 
we have a neutrosophic sub N-group of order p*' (t > 1) then 
we call (G UI) a super Sylow neutrosophic N-group. 


It is very clear from the definition that every super Sylow 
strong neutrosophic N-group is always a Sylow strong 
neutrosophic N-group. However a Sylow strong neutrosophic 
N-group in general is not always super Sylow strong 
neutrosophic N-groups. Interested reader can construct 
examples of these. 

Now we can as in case of other structures define the notion 
of super weakly Sylow strong neutrosophic N-group. Let ((G U 
H=GUD v...u(vuD, *1, ..., *n) be such that (G U I) 
is a Sylow strong neutrosophic N-group and it has atleast for 
one prime p such that p* / o((G U I)) and p*™! X o((G U I) we 
have a strong neutrosophic sub N-group of order p*' where (t > 
1); then we call (G WU I) a super weakly Sylow strong 
neutrosophic N-group. 
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It is once again left as an exercise for the interested reader 
to verify that all weakly super Sylow strong neutrosophic N- 
groups are not super Sylow strong neutrosophic N-group. 
Further we see all super Sylow strong neutrosophic N-groups 
are always weakly super Sylow strong neutrosophic N-group, 
but the converse in general is not true. Thus we have the 
following containment relation. Sylow strong neutrosophic N- 
group ¢ Super Sylow strong neutrosophic N-group. Clearly the 
containment relation is strict. 

These results can be defined and analyzed / extended in case 
of neutrosophic N-groups. 


Now we proceed on to define the notion of Cauchy elements 
and Cauchy neutrosophic elements of a strong neutrosophic N- 
group or just a neutrosophic N-group. 


DEFINITION 2.3.8: Consider a strong neutrosophic N-group ((G 
UD=(G,UDPU(G, UD Vv... UC Gy UD) *), * 0 *y) 
where o((G UT) is finite. An element x € ((G UTL)) such that x” 
= e; = 1 — identity element of (G; UL)) is said to be a Cauchy 
element of the neutrosophic N-group (G Ul) ifm/o (G UT). If 
m X 0 ((G UL), we say x is not a Cauchy element or x is called 
as an anti Cauchy element of (G UI), similarly ify € (G UD) is 
such that y" =I and ifn /o((G UL) then we call y the Cauchy 
neutrosophic element of (G UI). If we have ay; € (G UI) with 
y'| =I and n; X o ((G UL) then we call y; an anti Cauchy 


neutrosophic element of (G UI). 

If (G UD) has no anti Cauchy elements and no anti Cauchy 
neutrosophic elements then we call (G UI) to be a Cauchy 
strong neutrosophic N-group. If (G UI) has no anti Cauchy 
element or (‘or’ in the mutually exclusive sense) has no anti 
Cauchy neutrosophic elements then we call (G UI) a semi 
Cauchy strong neutrosophic N-group. If (G UI) has no Cauchy 
elements and no Cauchy neutrosophic elements then we call (G 
UTD) a Cauchy free strong neutrosophic N-group. 

Thus we see all Cauchy strong neutrosophic N-groups are 
semi Cauchy strong neutrosophic N-groups. However a semi 
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Cauchy strong neutrosophic N-group in general need not be a 
Cauchy strong neutrosophic N-group. 


We illustrate these situations by the following example: 


Example 2.3.6: Let (GUD =(G,UDUC(@UDUCGUD, 
*, *,, *3) where (Gy U I) = Ay. G= {1, 25 3, 4, L 21, 31, 4}} and 
G; = {g| g” =e}. o0((GUD) = 32=2°. 
123 4 


Now consider x = 
13 4 2 


Joa. Clearly x? = 


12 3 4 


Cauchy element of (G U I). Take 41 € (G) UD, (41) =I. 2 / 
o(G U I) so 4I is a Cauchy neutrosophic element of (G U I). 
Consider (31) € (G) U I) (31)* = Land 4/0 (G UD) so 31 is also a 
Cauchy neutrosophic element. Also 21 € (G2 U I) and (21)* = 1 
so 2I is also a Cauchy neutrosophic element of (G U I). 
Similarly I € (Gy U I) is such that P=Isolisa Cauchy 
neutrosophic element of (G U I). 

Take g* € G;, (g*)? =e but 3X o (GUD 50 g’ is not a 
Cauchy element of (G U I). We see (G U I) is semi Cauchy 
neutrosophic N-group for all Cauchy neutrosophic element. 
However (G U I) has anti Cauchy elements and no anti Cauchy 
neutrosophic elements. But (G U I) also has Cauchy elements. 


12 3 4 : ; 
] bue 3 o(GU 0p ie. (3, 32) = 1, so x in nota 


So we make yet another definition. 


DEFINITION 2.3.9: Let (G UI) = {(G; UI) U(G@ UD UY 
(Gy UL), *), ..., *y) be a strong neutrosophic N-group of finite 
order. If (G UI) has atleast a Cauchy element and a Cauchy 
neutrosophic element then we call (G U I) a weakly Cauchy 
strong neutrosophic N-group. 


However we cannot in general interrelate semi Cauchy 
neutrosophic N-group and a weakly Cauchy neutrosophic N- 
group. But we have Cauchy neutrosophic N-groups to be 
weakly Cauchy neutrosophic N-groups and a weakly Cauchy 


77 


neutrosophic N-group in general is not a Cauchy neutrosophic 
N-group. Also all Cauchy neutrosophic N-groups are semi 
Cauchy neutrosophic N-groups. 

But a semi Cauchy neutrosophic N-group in general is not a 
Cauchy neutrosophic N-group. But it is important to observe 
that in general a neutrosophic N-group can be both a semi 
Cauchy neutrosophic N-group (say) with respect to Cauchy 
neutrosophic elements and a weakly Cauchy neutrosophic N- 
group with respect to Cauchy elements. It is up to the interested 
reader to study these properties. 

But one result of importance is that a common class of 
neutrosophic N-groups enjoy it. 


THEOREM 2.3.1: Suppose ((G UI) = (G; UI) Uv... U(Gy UT) 
*), . *y) be a neutrosophic N-group of order p, p a prime. 
Then the following are true. 


i. (G UT) is not a Cauchy neutrosophic N-group. 
ii. (G Ul) is not a semi Cauchy neutrosophic N group. 
iii. (G UTD) is not a weakly Cauchy neutrosophic N-group. 


All elements of finite order are anti Cauchy elements and anti 
Cauchy neutrosophic elements. 


Example 2.3.7: Consider the neutrosophic N-group ((G U I) = 
(Gy U I) U@UG;, *) FS *3) where (G1 U I) = {1, 2, 3, 4, I, 21, 
31, 41}, G2 = S3 and G; = (g| g =e). o0((G UD) = 19. 

It is easily verified no element is a Cauchy element or a 
Cauchy neutrosophic element. Every element is anti Cauchy and 
anti Cauchy neutrosophic element as (g’)° = e, (g*)° = e, (41) = 1, 


: 1 yeh 8 
BD =] = , 
Ls) 2 1.2033 
Hence the claim. 
Now we can define homomorphism between neutrosophic N- 


groups which we call as N-homomorphisms or N-neutrosophic 
homomorphisms. 
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DEFINITION 2.3.10: Let {(G UD = (G6; UD U (G2 UD VY 
(Gy UT), *), .., *yp and {7 UD) = (A; UI) VU (Ap UD Vw 
(Hy UT) *), *, *3,..., *x¢ be any two neutrosophic N-group 
such that if ((G; UI), *;)) is a neutrosophic group then ((H; UT) 
*)) is also a neutrosophic group. If (G, *, is a group then (H, 
*) is a group. 

Amap ¢: (G UI) to (H UD) satisfring ¢ (1) = I is defined to 
be a N homomorphism if ¢; = ¢| (G; UI) (or ¢| G;) then each ¢; 
is either a group homomorphism or a neutrosophic group 
homomorphism, we denote the N-homomorphism by ¢ = ¢; U @> 
VU... Ubn: (GUD > AUT). 


One can define @ to be an isomorphism if each 6; is an 
isomorphism i.e. $; is one to one and onto. Similarly one can 
also define the concept of N-automorphisms. 

Now as in case of usual homomorphism kernel 6; = {x; € 
(G,U D | 0; (&) = 0},1= 1, 2, ..., N. 

So ker o = kero; U ... U ker oy. Clearly ker is never a 
neutrosophic sub N-group only a sub N-group as 9; (I) = I. The 
study of kernel o is more interesting for ker is not a normal 
sub N-group of (GU I). 

Does their exist neutrosophic N-groups so that ker > = 
normal sub N-group? 


Now we proceed on to define the notion of (pi, px, ..., Pn)- 
Sylow neutrosophic sub N-group of a neutrosophic N-group. 


DEFINITION 2.3.11: Let (G UD = {(G; VD U@ UDV... 
(Gy UI) *), ..., *y} be a neutrosophic N-group. Let H = {H,; VU 
MH Vv... U Hy} be a _ neutrosophic sub N-group of 
(G UI). We say His a (p), Px «.., py) Sylow neutrosophic sub N- 
group of (G UL) if H; is a p; - Sylow neutrosophic subgroup of 
G;. If none of the H;’s are neutrosophic subgroups of G; we call 
Ha(p, pz ..., py) Sylow free sub N-group. 


Now we illustrate this by the following example: 
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Example 2.3.8: Let (GUT) = {A,gU Do 7 VU (1,2,3,4 L 
21, 31, 4I}} be a neutrosophic 3-group H = 


Te, BANAL De SA PR Dy Be Ae FL) 2 Beh 

1 BAP 2 he ABN ba Be Oo a: me AL 
U {b, b’, ..., b°, b’ =e} U {1, L, 4, 413] is a (2, 7, 2) - Sylow 
neutrosophic sub 3-group. 


12 3 4)/1 2 3 4 12 3 4 
Also K = ‘ > 
13 4 2) \1 4 2 3 12 3 4 


U {1, I, 4, 4B} is a (3, 2, 2) Sylow neutrosophic 3-group. The 
order of K is 3 +2+4=9. The 3-order of H is 4+7+4=15. 


Now we proceed on to define the notion of conjugate 
neutrosophic sub N-groups and sub N-groups of a neutrosophic 
N-group. 


DEFINITION 2.3.12: Let ((G UD) = (G; VD U(G, UD VU... YU 
(Gy UI) *), ..., *y) be a strong neutrosophic N-group. Suppose 
H= fH, UH VU ...U Ay, Rie key *\} and K = {K; UK U..U 
Ky, *1, ..., *yf are two neutrosophic sub N-groups of (G U I) 
we say K is a strong conjugate to H or H is conjugate to K if 
each H; is conjugate to K; (i = 1, 2,...,N) as subgroups of Gi. 


In the same way we can define conjugate sub N-groups when (G 
U I) is just a neutrosophic N-group. 
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Chapter Three 


NEUTROSOPHIC SEMIGROUPS AND 
THEIR GENERALIZATIONS 


The study of classical theorems like Lagrange, Sylow and 
Cauchy were always associated only with groups, and groups 
happen to be a prefect structure with no shortcomings. So 
Lagrange’s theorem for finite groups worked well. So also the 
Sylow and Cauchy theorems. But we are at a loss to know why 
such theorems were not adopted for semigroups. In this chapter 
we initiate to adapt to neutrosophic semigroups, neutrosophic 
bisemigroups and Neutrosophic N-semigroups. We call 
semigroups, which satisfy Lagrange theorem as Lagrange 
semigroups and so on. The chapter has three sections. In section 
1 we introduce neutrosophic semigroups and study their special 
properties. In section two neutrosophic bisemigroups are 
introduced and analyzed. Section three newly defines the 
concept of neutrosophic N-semigroups and gives some of their 
properties. 


3.1 Neutrosophic Semigroups 


In this section for the first time we define the notion of 
neutrosophic semigroups. The notion of neutrosophic 
subsemigroups, neutrosophic ideals, neutrosophic Lagrange 
semigroups etc. are introduced for the first time and analyzed. 
We illustrate them with examples and give some of its 
properties 
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DEFINITION 3.1.1: Let S be a semigroup, the semigroup 
generated by S and I i.e. S UI denoted by (S UI) is defined to 
be a neutrosophic semigroup. 


It is interesting to note that all neutrosophic semigroups contain 
a proper subset which is a semigroup. 


Example 3.1.1: Let Z\. = {0, 1, 2, ..., 11} be a semigroup under 
multiplication modulo 12. Let N(S) = (Zi. U TI) be the 
neutrosophic semigroup. Clearly Zj. C (Zj2 U I) and Zi is a 
semigroup under multiplication modulo 12. 


Example 3.1.2: Let Z = {the set of positive and negative 
integers with zero}, Z is only a semigroup under multiplication. 
Let N(S) = {(Z U I)} be the neutrosophic semigroup under 
multiplication. Clearly Zc N(S) is a semigroup. 


Now we proceed on to define the notion of the order of a 
neutrosophic semigroup. 


DEFINITION 3.1.2: Let N(S) be a neutrosophic semigroup. The 
number of distinct elements in N(S) is called the order of N(S), 
denoted by o(N(S)). 


If number of elements in N(S) is finite we call the neutrosophic 
semigroup to be finite otherwise infinite. The neutrosophic 
semigroup given in example 3.1.1 is finite where as the 
neutrosophic semigroup given in example 3.1.2 is of infinite 
order. 


Now we proceed on to define the notion of neutrosophic 
subsemigroup of a neutrosophic semigroup N(S). 


DEFINITION 3.1.3: Let N(S) be a neutrosophic semigroup. A 
proper subset P of N(S) is said to be a_ neutrosophic 
subsemigroup, if P is a neutrosophic semigroup under the 
operations of N (S). A neutrosophic semigroup N(S) is said to 
have a subsemigroup if N(S) has a proper subset which is a 
semigroup under the operations of N(S). 
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It is interesting to note a neutrosophic semigroup may or may 
not have a neutrosophic subsemigroup but it will always have a 
subsemigroup. 


Now we proceed on to illustrate these by the following 
examples. 


Example 3.1.3: Let Z”U {0} denote the set of positive integers 
together with zero. {Z” U {0}, +} is a semigroup under the 
binary operation ‘+’. Now let N(S) = (Z VU {0}" U 
{1). N(S) is a neutrosophic semigroup under ‘+’. Consider (2Z" 
U I) =P, P is a neutrosophic subsemigroup of N(S). Take R = 
(3Z UD); R is also a neutrosophic subsemigroup of N(S). 


Now we have the following interesting theorem. 


THEOREM 3.1.1: Let N(S) be a neutrosophic semigroup. 
Suppose P; and P> be any two neutrosophic subsemigroups of 
N(S) then P; UP> (i.e. the union) the union of two neutrosophic 
subsemigroups in general need not be a_neutrosophic 
subsemigroup. 


Proof: We prove this by using the following example. Let Z* be 
the set of positive integers; Z* under ‘+’ is a semigroup. 

Let N(S) = (Z’ U I) be the neutrosophic semigroup under 
‘+’. Take P, = {(2Z U I)} and P, = {(5Z UI )} to be any two 
neutrosophic subsemigroups of N(S). Consider P,; U Pz we see 
P; U P» is only a subset of N (S) for P; U P2 is not closed under 
the binary operation ‘+’. For take 2 + 41 € P; and 5+ SI € Po. 
Clearly (2 + 5) + (41+ 51) =7+ 91 ¢ P; U Po. Hence the claim. 

We proved the theorem 3.1.1 mainly to show that we can 
give a nice algebraic structure to Pl U P2 viz. neutrosophic 
bisemigroups defined in section 3.2. Now we proceed on to 
define the notion of neutrosophic monoid. 


DEFINITION 3.1.4: 4 neutrosophic semigroup N(S) which has 
an element e in N(S) such that e *s =s *e =5 forall s e€ N(S), 
is called as a neutrosophic monoid. 
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It is interesting to note that in general all neutrosophic 
semigroups need not be neutrosophic monoids. 


We illustrate this by an example. 


Example 3.1.4: Let N (S) = (Z’ U I) be the neutrosophic 
semigroup under ‘+’. Clearly N(S) contains no e such that s + e 
=e+s=s forall s € N (S). So N (S) is just a neutrosophic 
semigroup and not a neutrosophic monoid. 


Now we give an example of a neutrosophic monoid. 


Example 3.1.5: Let N (S) = (Z U I) be a neutrosophic 
semigroup generated under ‘x’. Clearly 1 in N (S) is such that 1 
x s=s for alls € N (S). So N (S) is a neutrosophic monoid. 


It is still interesting to note the following: 

1. From the examples 3.1.3 and 3.1.4 we have taken the 
same set (Z’ U I) with respect the binary operation ‘+’, 
(Z’ UI) is only a neutrosophic semigroup but ¢ Z* U I) 
under the binary operation x is a neutrosophic monoid. 

2. In general all neutrosophic monoids need not have its 
neutrosophic subsemigroups to be neutrosophic 
submonoids. First to this end we define the notion of 
neutrosophic submonoid. 


DEFINITION 3.1.5: Let N(S) be a neutrosophic monoid under 
the binary operation *. Suppose e is the identity in N(S), that is 
s *e=e*s=s foralls € N(S). We call a proper subset P of 
N(S) to be a neutrosophic submonoid if 


i. P is a neutrosophic semigroup under ‘*’. 
ii. e €P,i.e., Pis amonoid under “*’. 


Example 3.1.6: Let N(S) = (Z U I) be a neutrosophic semigroup 


under ‘+’. N(S) is a monoid. P = (2Z* U I) is just a neutrosophic 
subsemigroup whereas T = (2Z WU I) is a neutrosophic 
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submonoid. Thus a neutrosophic monoid can have both 
neutrosophic subsemigroups which are different from the 
neutrosophic submonoids. 


Now we proceed on to define the notion of neutrosophic ideals 
of a neutrosophic semigroup. 


DEFINITION 3.1.6: Let N(S) be a neutrosophic semigroup under 
a binary operation *. P be a proper subset of N(S). P is said to 
be a neutrosophic ideal of N(S) if the following conditions are 


satisfied. 
i. P is a neutrosophic semigroup. 
ii. for all p € P and for all s & N(S) we have p * s and s * 
pare in P. 


Note: One can as in case of semigroups define the notion of 
neutrosophic right ideal and neutrosophic left ideal. A 
neutrosophic ideal is one which is both a neutrosophic right 
ideal and a neutrosophic left ideal. In general a neutrosophic 
right ideal need not be a neutrosophic left ideal. 


Now we proceed on to give example to illustrate these notions. 


Example 3.1.7: Let N(S) = (Z U JD be the neutrosophic 
semigroup under multiplication. 

Take P to be a proper subset of N(S) where P = (2Z U I). 
Clearly P is a neutrosophic ideal of N(S). Since N(S) is a 
commutative neutrosophic semigroup we have P to be a 
neutrosophic ideal. 


Note: A neutrosophic semigroup N(S) under the binary 


operation * is said to be a neutrosophic commutative semigroup 
ifa*b=b *a forall a, b e N(S). 


b 
Example 3.1.8: Let N(S) = {i /a,b,c,d,¢ (ZU TD} bea 
c 


neutrosophic semigroup under matrix multiplication. 
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TakeP=4/* 7]; (ZOD) 
ake 4 X,VeE }. 


a b)(x y x y) f(a b 
Clearly ¢ P; but e P. 
c dj/\0 0 0 0) \e d 


Thus P is only a neutrosophic right ideal and not a neutrosophic 
left ideal of N (S). 


Now we proceed on to define the notion of neutrosophic 
maximal ideal and neutrosophic minimal ideal of a neutrosophic 
semigroup N(S). 


DEFINITION 3.1.7: Let N(S) be a neutrosophic semigroup. A 
neutrosophic ideal P of N(S) is said to be maximal if P CJ Cc 
N(S), J a neutrosophic ideal then either J = P or J = N(S). A 
neutrosophic ideal M of N(S) is said to be minimal if 6 #T CM 
CNS) then T= MorT= ¢. 


We cannot always define the notion of neutrosophic cyclic 
semigroup but we can always define the notion of neutrosophic 
cyclic ideal of a neutrosophic semigroup N(S). 


DEFINITION 3.1.8: Let N(S) be a neutrosophic semigroup. P be 
a neutrosophic ideal of N (S), P is said to be a neutrosophic 
cyclic ideal or neutrosophic principal ideal if P can be 
generated by a single element. 


We proceed on to define the notion of neutrosophic symmetric 
semigroup. 


DEFINITION 3.1.9: Let S(N) be the neutrosophic semigroup. If 
S(N) contains a subsemigroup isomorphic to S(n) i.e. the 
semigroup of all mappings of the set (1, 2, 3, ..., n) to itself 
under the composition of mappings, for a suitable n then we call 
S (N) the neutrosophic symmetric semigroup. 


86 


Remark: We cannot demand the subsemigroup to be 
neutrosophic, it is only a subsemigroup. 


DEFINITION 3.1.10: Let N(S) be a neutrosophic semigroup. 
N(S) is said to be a neutrosophic idempotent semigroup if every 
element in N (S) is an idempotent. 


Example 3.1.9: Consider the neutrosophic semigroup under 
multiplication modulo 2, where N (S) = {0, 1, I, 1 + I}. We see 
every element is an idempotent so N (S) is a neutrosophic 
idempotent semigroup. 


Next we proceed on to define the notion of weakly neutrosophic 
idempotent semigroup. 


DEFINITION 3.1.11: Let N(S) be a neutrosophic semigroup. If 
N(S) has a proper subset P where P is a_ neutrosophic 
subsemigroup in which every element is an idempotent then we 
call P a neutrosophic idempotent subsemigroup. 

If N(S) has at least one neutrosophic idempotent 
subsemigroup then we call N(S) a weakly neutrosophic 
idempotent semigroup. 


We illustrate this by the following example: 


Example 3.1.10: Let N(S) = {0, 2, 1,1, 21,1+1,2+21,1+21 
2 + I} be the neutrosophic semigroup under multiplication 
modulo 3. 

Take P = {1, I, 1 + 21, 0}; P is a neutrosophic idempotent 
subsemigroup. So N(S) is only a weakly neutrosophic 
idempotent semigroup. Clearly N(S) is not a neutrosophic 
idempotent semigroup as (1 + I)’ = 1 which is not an idempotent 
of N(S). 


DEFINITION 3.1.12: Let N(S) be a neutrosophic semigroup 
(monoid). An element x € N(S) is called an element of finite 
order if x" = e where e is the identity element in N(S) i.e. (se = 
es =8 for alls €S) (m the smallest such integer). 
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DEFINITION 3.1.13: Let N (S) be a neutrosophic semigroup 
(monoid) with zero. An element 0 #x © N(S) of a neutrosophic 
semigroup is said to be a zero divisor if there exist 0 # y © N(S) 
with x . y = 0. An element x © N(S) is said to be invertible if 
there exist y © N(S) such that xy = yx =e (e € N(S), is such that 
se =es =5 foralls e N(S)). 


Example 3.1.11: Let N (S) = {0, 1, 2, I, 21,1 +1,2 +1, 1+ 21,2 
+ 2I} be a neutrosophic semigroup under multiplication modulo 
3. Clearly (1 + I) € N (S) is invertible ford +D d+D=1 
(mod 3). (2 + 21) is invertible for (2 + 21)” = 1 (mod 3). N(S) 
also has zero divisors for (2 + I) I= 21 + 1 = O(mod 3). Also (2 + 
I) 2 1=0 (mod 3) is a zero divisor. 


Thus this neutrosophic semigroup has idempotents, units and 
zero divisors. One can define several other properties of 
semigroups to neutrosophic semigroups as a matter of routine. 


3.2 Neutrosophic Bisemigroups and their Properties 


In this section Neutrosophic bisemigroups are defined 
analogous to bisemigroups by taking atleast one of the 
semigroups to be neutrosophic. A stronger version of this viz. 
strong neutrosophic bisemigroups are defined. Substructures 
like neutrosophic subbisemigroups neutrosophic biideals are 
introduced. Condition for a finite neutrosophic bisemigroup to 
be Lagrange free is also obtained. 


Now we proceed on to define the notion of neutrosophic 
bisemigroup. 


DEFINITION 3.2.1: Let (BN(S), *, o) be a nonempty set with two 
binary operations * and o. (BN(S), *, 0) is said to be a 
neutrosophic bisemigroup if BN(S) = P; UP where atleast one 
of (P;, *) or (P2, o) is a neutrosophic semigroup and other is 
just a semigroup. P; and P2 are proper subsets of BN(S), i.e. P; 
¢< P>. 
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Example 3.2.1: Let (BN(S), *, 0) = {0, 1, 2, 3, I, 21, 31, S(3), *, 
o} = (Pi, *) U (Po, 0) where (P;, *) = {0, 1, 2, 3, I, 21, 31, *} and 
(P2, 0) = (S(3), 0). Clearly (Pj, *) is a neutrosophic semigroup 
under multiplication modulo 4. (P., 0) is just a semigroup. Thus 
(BN(S), *, 0) is a neutrosophic bisemigroup. 

If both (Pi), *) and (P2, 0) in the above definition are 
neutrosophic semigroups then we call (BN (S), *, 0) a strong 
neutrosophic bisemigroup. All = strong — neutrosophic 
bisemigroups are trivially neutrosophic bisemigroups. 


We now give an example of a strong neutrosophic bisemigroup. 


Example 3.2.2: Let (BN (S), *, 0) be a nonempty set such that 
BN(S) = {0,1, 1+ 1, (ZU TD), *, o} where P; = {0, 1,1, 1+} 
and P, = {( Z UI ), o}; BN(S) is a strong neutrosophic 
bisemigroup. 


We now proceed on to define the notion of neutrosophic 
subbisemigroup and neutrosophic strong subbisemigroup of a 
neutrosophic bisemigroup and neutrosophic strong bisemigroup. 


DEFINITION 3.2.2: Let (BN (S) = P; VU Pz; 0, *) be a 
neutrosophic bisemigroup. A proper subset (T, o, *) is said to be 
a neutrosophic subbisemigroup of BN (S) if 


i. T=T, UT, where T; =P; NT and T, = P> AT and 
ii. At least one of (T), 0) or (T, *) is a neutrosophic 
semigroup. 


Note: We can define for a neutrosophic bisemigroup just a 
subbisemigroup which need not be a_ neutrosophic 
subbisemigroup. But a neutrosophic bisemigroup cannot have a 
proper neutrosophic strong subbisemigroup. 

Now we proceed on to define substructures of the strong 
neutrosophic bisemigroup. 


DEFINITION 3.2.3: Let (BN(S) = P; U P2 0, *) be a 


neutrosophic strong bisemigroup. A proper subset T of BN (S) is 
called the strong neutrosophic subbisemigroup if T = T; U T> 
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with T; = P; AT and T) = P2 AT? and if both (T), *) and (T>, o) 
are neutrosophic subsemigroups of (P;, *) and (P2, 0) 
respectively. We call T = T; UT) to be a neutrosophic strong 
subbisemigroup, if atleast one of (T;, *) or (Tz 0) is a 
semigroup then T = T, U Ty, is only a_neutrosophic 
subsemigroup. 


We illustrate this by the following: 


Example 3.2.3: Let BN(S) = {0, 1, 2, I, 21, (Z UD, x, +} bea 
neutrosophic strong bisemigroup. Take T = {0, I, 21, (2Z UT), x, 
+} c BN(S), T is a neutrosophic strong subbisemigroup. Now 
consider P = {0, 1, 2, (5Z UT, x, +} =P; = {0, 1, 2, x} UPo = 
{(5Z U I), +} is only a neutrosophic subbisemigroup of BN(S). 
If we let L = {0, 1, 2, Z, x, +} =L, = {0, 1, 2, x} U(Z, +) =L, 
= L, is only just a subbisemigroup. 


THEOREM 3.2.1: Let (BN(S), * 0) be a_neutrosophic 
bisemigroup, then B(N(S)) cannot have a neutrosophic strong 
subbisemigroup. 


Proof: Now we are given B(N(S)) = P; U P2 where only one of 
(Pi, *) or (P2, 0) is a neutrosophic semigroup so if they have 
subsemigroup only one of them will be neutrosophic semigroup 
so it is impossible to have both of them to be neutrosophic 
semigroups. Hence a neutrosophic bisemigroup cannot have 
strong neutrosophic subbisemigroup. Hence the claim. 


Now we proceed on to define the notion of neutrosophic strong 
biideal and neutrosophic biideal of a neutrosophic strong 
bisemigroups and neutrosophic bisemigroups respectively. 


DEFINITION 3.2.4: Let (BN (S), *, o) be a strong neutrosophic 
bisemigroup where BN(S) = P; UP with (P;, *) and (P2, 0) be 
any two neutrosophic semigroups. Let J be a proper subset of 
BN(S) where I = 1, UL, with I, = J 7 P; and hb = J 7 P2 are 
neutrosophic ideals of the neutrosophic semigroups P; and P 
respectively. Then I is called or defined as the strong 
neutrosophic biideal of B(N(S)). 
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DEFINITION 3.2.5: Let (BN(S) = P; U Pz * o) be any 
neutrosophic bisemigroup. Let J be a proper subset of B(NS) 
such that J; = J 7 P; and Jp = J MP2 are ideals of P; and P 
respectively. Then J is called the neutrosophic biideal of BN(S). 


It is important and interesting to note that as in case of 
neutrosophic subbisemigroups we cannot in general have a 
biideal for these neutrosophic bisemigroups. Also a 
neutrosophic strong bisemigroup can never have a nontrivial 
neutrosophic biideal or a neutrosophic bisemigroup cannot have 
a biideal Thus this property distinguishes both subbisemigroup 
and biideal structures. 

The concept of maximality, minimality, quasi maximality 
and quasi minimality will be now introduced. 


DEFINITION 3.2.6: Let (BN(S) P; U P2 *, o) be a neutrosophic 
strong bisemigroup. Suppose I is a neutrosophic strong biideal 
of BN(S) i.e. Ty = P; ATI and I, = P2 NI we say I is a 
neutrosophic strong maximal biideal of B (N(S)) if I; is the 
maximal ideal of P; and I, is the maximal ideal of P». 

If only one of I; or I, alone is maximal then we call I to be a 
neutrosophic strong quasi maximal biideal of BN (S). 


We now illustrate this by the following example. 


Example 3.2.4: Let BN(S) = ({(Z U 0), 0, 1, 2, L 2B, +, x (« 
under multiplication modulo 3)) be a neutrosophic strong 
bisemigroup. Take T = {(2Z U I), 0, I, 1, 21, +, x} =] UL 
where I, = {(2Z UI), +} and I, = {0, I, 1, 21, x, multiplication 
modulo 3}, T is a neutrosophic strong biideal which is maximal. 
Take J = {(8Z UT), {0, 1, I, 21}, + x} =J, U Jn where J, = {(8Z 
U TD, +} and J, = {0, 1, I, 21, x}. Clearly J, is not a maximal 
ideal of P; only Jz is a maximal ideal. So J is a neutrosophic 
strong quasi maximal biideal of BN (S). 


Now we proceed on to define these concepts in the case of 
neutrosophic bisemigroup. 
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DEFINITION 3.2.7: Let (BN(S) = P; U P> * o) be a 
neutrosophic semigroup. A neutrosophic biideal I = I; U Ih of 
BN(S) is said to be a neutrosophic maximal biideal of B(N(S)) if 
I, = 17 P; is a maximal ideal of P; and I, =I 7 P> is a 
maximal ideal of P). 

Now if only one of I; or Ih alone is maximal and other not 


maximal then we call I to be only a neutrosophic quasi maximal 
biideal of B N(S). 


Now we illustrate this by the following example. 


Example 3.2.5: Let B N(S) = {(Z UD), 0, 1, 2, 3, 4, 5, 6, ..., 11, 
+,x} =P, UP, = {(ZUTD} vu {0, 1, 2, ..., 11} where P; is a 
semigroup under ‘+’ and P, is just a semigroup under 
multiplication modulo 12. Take U = {(21 U I), +} U {0, 2, 4, 6, 
8, 10, x} =I; ULC P; U Po, U is neutrosophic maximal biideal 
of BN(S), for I; and I, are maximal ideals of P, and P, 
respectively. Now consider U = T; U Ta= {31 UD, +} U {0, 6, 
x} U is only a neutrosophic quasi maximal biideal of BN(S) as 
{0, 6, x} is not a maximal ideal of P. 


The definition of minimal biideal is left as an exercise for the 
reader. 


Note: Union of any two neutrosophic biideals in general is not a 
neutrosophic biideal. This is true of neutrosophic strong biideals. 


DEFINITION 3.2.8: Let (B, + 0) be a non empty set with two 
binary operations we call B a strong neutrosophic bimonoid if 
the following conditions are satisfied 


i. B=B, UB, where B, and B; are proper subsets of B. 
ii. (B), +) is a neutrosophic monoid. 
iii. (B2, 0) is a neutrosophic monoid. 


Example 3.2.6: Let (B = B; U B2, x, 0) be a non empty set with 


two binary operations, where B,; = {Z,, semigroup under 
multiplication modulo 6}, B2 = {0, 1, 2, ..., 7, I, 21, 31, ..., 71} 
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be a neutrosophic semigroup under multiplication modulo 8. B 
is a neutrosophic bisemigroup. 


Example 3.2.7: Let B = {B, U By , x, +} be a strong 
neutrosophic bisemigroup where B; = (Z U I) semigroup under 
multiplication and B, = {0, 1, 2, 3, I, 21, 31} a neutrosophic 
semigroup under multiplication modulo 4. 


Remark: All strong neutrosophic bisemigroups are neutrosophic 
bisemigroups, but clearly from the above example the converse 
is not true. 


Example 3.2.8: Let (B = Bi U Bo , *, 0) be a strong 
neutrosophic bisemigroup where B; = {(Z4 U I) = {0, 1, 2, 3, I, 
21, 31}} a neutrosophic semigroup under multiplication modulo 
4 and B, = (Z U J a neutrosophic semigroup under 
multiplication. P = P; U Py where P; = {0, 1, 2, I, 21} is a 
neutrosophic subsemigroup of B; and P, = 3Z U J) is a 
neutrosophic subsemigroup of B». Hence B is a strong 
neutrosophic subbisemigroup of B. 

(2) Let T = T; U T2 where T; = {0, 1, 2, 3} semigroup under 
multiplication modulo 4 and T; = (2Z WU I) neutrosophic 
semigroup under multiplication. T is a neutrosophic sub 
bisemigroup of B. 

(3) Let R = Ry U Ro where R; = {0, 1, 2} semigroup under 
multiplication modulo 4 and R, = 2Z semigroup under 
multiplication, R is a subbisemigroup of B. 


Thus we see in general a strong neutrosophic bisemigroup can 
have all 3 types of substructures but a neutrosophic bisemigroup 
can have only a neutrosophic sub  bisemigroup and 
subbisemigroup. Now we proceed on to define ideals in 
neutrosophic bisemigroups. 


Now we illustrate these by the following examples. 
Example 3.2.9: Let (B = By U By, 0, *) be a strong neutrosophic 


bisemigroup where B,; = (Z U I) neutrosophic semigroup under 
multiplication and By = {0, 1, 2, 3, 4, 5, I, 21, 31, 41, 51} be a 
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neutrosophic semigroup under multiplication modulo 6. P = P, 
U P, where P; = (2Z UI) is a neutrosophic ideal of B; and P2 = 
{0, 2, 21, 4, 41} is a neutrosophic ideal of B,. Thus P is a strong 
neutrosophic biideal of B. 


Example 3.2.10: Let (B = B; U By, *, 0) be a neutrosophic 
bisemigroup where B, = Z, a semigroup under multiplication 
and B, = {0, 1, 2, 3, I, 21, 31} a neutrosophic semigroup under 
multiplication modulo 4. Take J = J; U Jo where J, = {3Z} is an 
ideal of B, and Jy = {0, 2, 2I} is a neutrosophic ideal of Bz. Thus 
J is a neutrosophic biideal. 


We can define several other properties we restrain our selves to 
only a few of them. 


DEFINITION 3.2.9: Let B = (B; U B2, *, o) be a neutrosophic 
bisemigroup. The number of distinct elements of B is called the 
order of B denoted by o(B). If o(B) is finite we call B a finite 
neutrosophic bisemigroup. If the order of B is infinite we define 
B to be a infinite neutrosophic bisemigroup. 


The neutrosophic bisemigroup given in example is an infinite 
neutrosophic bisemigroup where as the one given below is a 
finite neutrosophic bisemigroup. 


Example 3.2.11: Let B = (B; U By, 0, *) be a neutrosophic 
bisemigroup. Here B, = {0, 1, 2, 3, 4, 5} is a semigroup under 
multiplication modulo 6. B. = {0, 1, 2, 3, I, 21, 31} is a 
neutrosophic semigroup under multiplication modulo 4. Thus B 
is a finite neutrosophic bisemigroup. 0(B) = 13. 


Now proceed on to define the notion of neutrosophic Lagrange 
bisemigroup. 


DEFINITION 3.2.10: Let (B = B; UB, *, o) be a neutrosophic 
bisemigroup of finite order. If the order of every neutrosophic 
subbisemigroups P = P; UP; divides the order of B then we 
call B to be a Lagrange neutrosophic bisemigroup. If at least 
one neutrosophic subbisemigroup exists such that its order 
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divides the order of B we call B to be a weak Lagrange 
neutrosophic  bisemigroup. We call the neutrosophic 
subbisemigroup whose order divides the order of B to be a 
Lagrange neutrosophic subbisemigroup. 

If B has proper neutrosophic subbisemigroups but the order 
of none of them divide the order of B then we call B to be a 
Lagrange free neutrosophic bisemigroup. 


We illustrate these by the following example. 


Example 3.2.12: Let B = (B,; U By, o, *) be a finite 
neutrosophic bisemigroup, where B; = {Zy, the semigroup 
under multiplication modulo 12} and B, = {0, 1, 2, 3, 4, I, 21, 21, 
31, 41} a neutrosophic semigroup under multiplication modulo 5. 
o(B) = 21. 

Take P = P; U P2 where P, = {0, 6} and P, = {0, 1, 4, I, 41}. 
Clearly o(P) = 7. P is a neutrosophic bisemigroup and 7 / 21. 
Consider T = T; U T2 where T, = {0, 2, 4, 6, 8, 10} and T, = {0, 
1, 4, I, 41}. T is a neutrosophic bisemigroup and o(T) = 11 but 
o(T) X o(B). Thus B is only a weakly Lagrange neutrosophic 
bisemigroup. 


We give an example of a Lagrange free neutrosophic 
bisemigroup. 


Example 3.2.13: Let (B = B; U By, *, 0) be a neutrosophic 
bisemigroup where B, = {0, 1, 2, 3, 4, 5, I, 21, 31, 41, 513} a 
neutrosophic semigroup under multiplication modulo 6. Take B, 
= {Z,} semigroup under multiplication modulo 12. o(B) = 23 a 
prime. 

Take T = T; U T2 where T, = {0, 1, 5, I, 51} and T, = {0, 2, 
4, 6, 8, 10}. T is a neutrosophic subbisemigroup and o(T) = 11, 
o(T) X o(B)i.e. 11 X 23. In fact since the order of B is a prime 
the order of none of the neutrosophic subbisemigroup will 
divide the order of B. 


In view of this we have the following result. 
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THEOREM 3.2.2: Let B = (B; UB: *, o) be a neutrosophic 
bisemigroup of finite order say p, p a prime. Then B is a 
Lagrange free bisemigroup. 


Proof: Given B is a finite neutrosophic bisemigroup of order p, 
p a prime. If P = P, U P» is any neutrosophic subbisemigroup 
then clearly (o (P), p) = 1. Hence B is a Lagrange free 
neutrosophic bisemigroup. 


Now we proceed on to define Cauchy neutrosophic bisemigroup. 


DEFINITION 3.2.11: Let B = B,; VU B» be a neutrosophic 
bimonoid of finite order n. If for all those x; € B such that x; = 
e; we have t/n (i = 1 or 2). Then we call B to be a Cauchy 
neutrosophic bisemigroup. (It is to be noted we can have x in B 
such that x° = x or x’ = 0 that is why we take only those x; in B; 
where e; is the identity in B,). If there is atleast one element x; 


such that x; = e; and r/n then we call B to be a weakly Cauchy 


neutrosophic bisemigroup. If no x exist satisfying this condition 
we call B to be a Cauchy free neutrosophic bisemigroup. 


Now we proceed to define the concept of Sylow neutrosophic 
bisemigroups. 


DEFINITION 3.2.12: Let (B = B; UB, o, *) be a neutrosophic 
bisemigroup of finite order n. If for every prime p such that p°/n 
and p“' Xn we have a neutrosophic subbisemigroup of order 
p° we call B a Sylow neutrosophic bisemigroup. If we have 
atleast one p such that p* / n and p“' X n and B has a 
neutrosophic subbisemigroup of order p® we call B a weak 
Sylow neutrosophic bisemigroup. 

Suppose for no prime p such that p“/n and p*”' X n we 
have no neutrosophic subsemigroup of order p* we call B a 
Sylow free neutrosophic bisemigroup. We call the neutrosophic 
subbisemigroup P of order p® where p* / 0(B) and p*"' X o(B) 
to be the p-Sylow neutrosophic subbisemigroup. 
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Example 3.2.14: Let B = (B; U By, *, 0) where B; = {Zjg, a 
semigroup under multiplication modulo 18} and Bo = {0, 1, 2, 
5 7,1, 21, ..., 71} semigroup under multiplication modulo 8. B 
is a neutrosophic bisemigroup of order 33. 3/33 but 3° X 33 
also 11/33 and 11° X 33. 

Clearly B cannot have a nontrivial neutrosophic 
bisemigroup of order 3. Let P = P, U P2 where P; = {0, 3, 6, 9, 
12, 15} and P, = {0, 4I, 4, 1, I}, P is a neutrosophic sub 
bisemigroup of order 6 + 5 = 11. Thus 11/33 but 117 X 33. SoB 
is only a weak Sylow neutrosophic bisemigroup. 

Now we see the set T = T; U T2 where T; = {0, 3, 6, 9, 12, 
15} and T, = {0, 1, I} is a neutrosophic subsemigroup of order 9. 
3/33 and 3° X 33 but B has a neutrosophic subsemigroup of 
order 9. 


Next we construct the following example. 


Example 3.2.15: Let B = B, U B» where B, = {0, 1, 2, 3, 4, 5, 6, 
I, 21, 31, 4I, 51, 61} a semigroup under multiplication modulo 7. 
Take B, = {0, 1, 2, 3, 4, 5, L, 21, 31, 41, 51} a neutrosophic 
semigroup under multiplication modulo 6. 0(B) = 13 + 11 = 24, 
2/24, 27/24, 27/24 and 2* X 24; 3/24 and 3” X 24. 

Clearly B has no neutrosophic subsemigroup of order 3. 
Now take V = V; U V2 where V, = {0, 1, I} and V2 = {0, 1, L, 4, 
AI}. o(V) = 8. Thus B is only a weak Sylow neutrosophic 
bisemigroup. 


Example 3.2.16: Let B = B,; U By where B; = {0, 1, 2} 
semigroup under multiplication modulo 3. Bz = {0, 1, 2, I, 21, 
1+], 2+I, 21+1, 2 + 21} a semigroup under multiplication 
modulo 4, o(B) = 12. Clearly 2/12, 27/ 12 but 2° X 12. Also 
3/12 and 3° X 12. B has no neutrosophic subbisemigroup of 
order 3 or 4 so B is Sylow free neutrosophic bisemigroup. 


We now proceed on to define when are two neutrosophic 
subbisemigroups conjugate. 
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DEFINITION 3.2.13: Let B = (B; UB, *, o) be a neutrosophic 
bisemigroup. T = T; UT and S = S; U/S2 be two neutrosophic 
subbisemigroups. We say T is conjugate to S if we can find x; 
and y; (I Si, j $2) such T; x; = x; S; or S; x1) and T) x2 = x2 S> 
(or S> Xz) We cannot say about the order of S; and T,, i = 1, 2. 


Example 3.2.17: Let B = B; U B) be a neutrosophic 
bisemigroup where B, = Z12, the semigroup under multiplication 
modulo 12. Bz = {0, 1, 2, ..., 5, I, 21, ..., 51} a neutrosophic 
semigroup under multiplication modulo 6. Take T = T; U T) 
and S = S; U S, any two neutrosophic subbisemigroups, where 
T, = {0, 2, 4, 6, 8, 10} and T, = {0, 2, 4, 21, 41} and S, = {0, 3, 
6, 9} and S. = {0, 3, 31}, 3T; = 2S; = {0, 6} and 6T; = 2S, = 
{0}. 

Thus the neutrosophic subbisemigroups T and S are 
conjugate. 


Note: For two neutrosophic subbisemigroups T and S to be 
conjugate we do not demand 0(T) = o(S). 


On similar lines as in case of neutrosophic semigroups we can 
also define when are two elements in a neutrosophic 
bisemigroup conjugate. These definitions about substructures 
and other properties given for neutrosophic bisemigroups can be 
defined with appropriate modifications in case of strong 
neutrosophic bisemigroups. 


3.3 Neutrosophic N-Semigroup 


In this section for the first time the notion of neutrosophic N- 
semigroups are introduced. Substructures like strong 
neutrosophic sub N-semigroup, neutrosophic sub N semigroup, 
strong neutrosophic N-ideals, neutrosophic N-ideals, strong 
Lagrange neutrosophic sub N semigroup, p-Sylow neutrosophic 
sub N semigroup are introduced and examples are given. 

Also some special elements like neutrosophic elements viz. 
neutrosophic N-ary idempotents, neutrosophic N-ary zero 
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divisors, and neutrosophic Cauchy elements, Cauchy elements 
are introduced in neutrosophic N-semigroups and studied. 


Now we proceed on to define the notion of neutrosophic N- 
semigroups and their generalizations and particularizations. 


DEFINITION 3.3.1: Let {S(N), *), ..., *y} be anon empty set with 
N-binary operations defined on it. We call S(N) a neutrosophic 
N-semigroup (N a positive integer) if the following conditions 
are satisfied. 
i. S(N) = S; U... Sy where each §; is a proper subset of 
S(N) i.e. S; G S; or S; ES; if i #7. 
ii. (S; *) is either a neutrosophic semigroup or a 
semigroup for i = 1, 2, ..., N. 


Note: When N = 2, we call S(N) to be a neutrosophic 
bisemigroup. If all the N-semigroups (Sj, *;) are neutrosophic 
semigroups (i.e. fori = 1, 2, ..., N) then we call S(N) to be a 
neutrosophic strong N-semigroup. 


Now we will give examples of both neutrosophic N-semigroups 
and neutrosophic strong N-semigroups. 


Example 3.3.1: Let S(N) = {S; U S2 U 83 U Sa U Ss, *1, ..., *5} 
be a neutrosophic 5-semigroup where 
S; = (ZUI) under ‘+’, is a neutrosophic semigroup, 


b 
{i ‘ |a, b,ce,d e quo} under matrix 
c 


So 


multiplication is a neutrosophic semigroup. 

S; = {0, 1, 2, I, 2I} a neutrosophic semigroup under 
multiplication modulo 3, 

Ss =  S(3), the set of all mappings of the set (a, b, c) to itself 
under the composition of maps and 

Ss =  {Zjs, the semigroup under multiplication modulo 15}. 


S(N) is only a neutrosophic 5-semigroup and not a neutrosophic 
strong 5 semigroup. 
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Now we proceed on to give an example of a neutrosophic strong 
N-semigroup. 


Example 3.3.2: Let S(N) = {S; U So U S3 U Sa, aon *,, ane *,h be 
such that 


S: = {(ZUT), semigroup under multiplication}, 

S. = {(Q° UJ), semigroup under ‘+’, Q” is the set of all 
positive rationals}, 

S; = {0, 1, 2, 3, I, 21, 3 semigroup under multiplication 


modulo 4} and 
b 
= {( : /a,b,c,de(Q U 0| semigroup under 
c 


matrix multiplication. 
It is clearly seen that all the four semigroups are neutrosophic so 
S(N) is a neutrosophic strong 4-semigroup. 


Now we proceed on to define substructures in these two types of 
neutrosophic N-semigroups. 


DEFINITION 3.3.2: Let S(N) = {S; US) VU... USN, *), «5 *yf be 
a neutrosophic N-semigroup. A proper subset P = {P; UP) VU 

. UPy, *1, *, .., *xf¢ of S(N) is said to be a neutrosophic N- 
subsemigroup if (1) P; = P 7A S, i = IJ, 2,.., N are 
subsemigroups of S; in which atleast some of the subsemigroups 
are neutrosophic subsemigroups. 


Example 3.3.3: Let S(N) = {S; U So U S3 U Sa, *, *,, *,. *,\ be 
a neutrosophic 4-semigroup where 


S; =  {Zji2, semigroup under multiplication modulo 12}, 
S. = {0, 1, 2, 3, I, 21, 31, semigroup under multiplication 
modulo 4}, a neutrosophic semigroup. 


b 
ee {( i /a,b,c, de vn , Neutrosophic semigroup 
c 


under matrix multiplication and 
Ss = (ZUT), neutrosophic semigroup under multiplication. 
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S(N) is only a neutrosophic 4-semigroup and not a neutrosophic 
strong 4-semigroup. 
Take T = {T} U To U T3 U Ta, ne *,, *,. * 4h where 


T, = {0, 2, 4, 6, 8, 10} = Z12, 
Ty & 40:65 3b ess 


a b 
T3 = { j)(abedec zu} and 


c 
Ty = {(5Z U J} the neutrosophic semigroup under 
multiplication. 


Clearly T is a neutrosophic sub 4-semigroup of S(N) and not a 
neutrosophic strong sub 4-semigroup for a neutrosophic N- 
semigroup cannot have neutrosophic strong sub N-semigroup. 


Now we proceed on to illustrate by examples and define 
neutrosophic strong sub N-semigroup. 


DEFINITION 3.3.3: Let S(N) = {S; US? U... USn, *), ..., *yf be 
a neutrosophic strong N-semigroup. A proper subset T = {T; VU 
T, U... UT, *1, .., *yf of S(N) is said to be a neutrosophic 
strong sub N-semigroup if each (T, *;) is a neutrosophic 
subsemigroup of (S;, *;) for i = 1, 2,..., N where T; = T 7 S;. 

If only a few of the (T;, *;) in T are just subsemigroups of (Si, *;) 
(i.e. (T;, *;) are not neutrosophic subsemigroups then we call T 
to be a sub N-semigroup of S(N). a neutrosophic strong N- 


semigroup can have all the 3 types of subsemigroups which we 
illustrate by the following example. 


Example 3.3.4: Let S(N) = {S; U S2 U 83 U S4 U Ss, *1, *2, 
...5*5} be a neutrosophic strong 5-semigroup where 


b 
Ss; = {i A |a,b, c, de un neutrosophic semigroup 
c 


under matrix multiplication, 
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So 
S3 


S4 


Ss 


{0, 1, 2, 3, 4, I, 21, 31, 41} be the neutrosophic 
semigroup under multiplication modulo 5, 

(Z UT) the neutrosophic semigroup under 
multiplication, 

(Q’ U1) the neutrosophic semigroup under addition 
and 


b 
(( |a,b,c,d,e,f are in quo} neutrosophic 
e 


semigroup under matrix addition. 


S(N) is a neutrosophic strong 5-semigroup. 


Now consider the proper subset T = {T; U T2 U T3 U Ty, U Ts, 
* 1, *, ..., *s} of S (N) where 


T; 


Ty 
T3 


Ty 


Ts 


b 
(i iyi ede Zu] c §; is a neutrosophic 
€ 


subsemigroup of Sj, 

{0, 1, I, 21, 31, 41} S, is a neutrosophic subsemigroup 
under multiplication modulo 5; 

(3Z U I) C Ss is a neutrosophic subsemigroup under 
multiplication, 

(Z VU I) neutrosophic subsemigroup of S, under 
addition and 


b 
(( Jabedete(zun} is a neutrosophic 
e 


subsemigroup under matrix addition of Ss. 


T is a neutrosophic strong 5-subsemigroup of S (N). Now 
consider the proper subset B = {B; UB. U ... U Bs, *1, ..., *5} 
of S(N) where 


B, 


Bp 


b 
(( ‘| |a,b,c,d e Q| is just a subsemigroup of S, 
c 


under matrix multiplication, 
{0, I, 21, 31, 41}, is a neutrosophic subsemigroup of S), 
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B; = (2Z U J, the neutrosophic subsemigroup under 
multiplication 
By =  {Q’} subsemigroup under addition and 


b 
B; = (( CJisdedeteun| is a neutrosophic 
e 


subsemigroup under matrix addition. 
Thus B is only a neutrosophic 5-subsemigroup of S(N). 
Now consider A = {A; U Ap U Az U Ag U As, *), ..., *s$ a 


proper subset of S(N) which is not a neutrosophic strong 5-sub 
semigroup or a neutrosophic 5-subsemigroup. For consider 


Ai 


b 
{( 3) a,b, adeQ| is a subsemigroup under 
c 


matrix multiplication of S,, 

A, = {0, 1, 2, 3, 4} is a subsemigroup under multiplication 
modulo 5 of S:, 

A3 = (2 Z) is the subsemigroup of S3 under multiplication, 


A, = {Z’} is the subsemigroup of S, under addition and 
b 
As = {( ‘ |a,b,c € Q| is a subsemigroup of S; 


under matrix addition. 


Thus A is a 5-subsemigroup which is not neutrosophic. Hence 
the claim. 


Now we proceed on to define the notion neutrosophic strong N- 
ideal and neutrosophic N-ideal of a neutrosophic strong N- 
semigroup and neutrosophic N-semigroup respectively. 


DEFINITION 3.3.4: Let S(N) = {S; US) UV... USN, *), «5 *yf be 
a neutrosophic strong N-semigroup. A proper subset J = {I; U 
Inv... Ul} where I, = J 7S, for t = 1, 2, ..., Nis said to be a 
neutrosophic strong N-ideal of S(N) if the following conditions 
are satisfied. 
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i. Each I, is a neutrosophic subsemigroup of S, t = 1, 2, ..., N 
i.e. I, is a neutrosophic strong N-subsemigroup of S(N). 

ii. Each I, is a two sided ideal of S, for t = 1, 2, ..., N. 
Similarly one can define neutrosophic strong N-left ideal 
or neutrosophic strong right ideal of S(N). 


A neutrosophic strong N-ideal is one which is both a 
neutrosophic strong N-left ideal and N-right ideal of S(N). 


Note: It is important and interesting to note that a neutrosophic 
strong N-semigroup can never have a neutrosophic N-ideal or 
just a N-ideal it can only have a neutrosophic strong N-ideal. 


DEFINITION 3.3.5: Let S(N) = {S; US) UV... USN, *1, «5 *vf be 

a neutrosophic N-semigroup. A proper subset P = {P; UP) VU 
. UPn, *), ..., *yf of S (N) is said to be a neutrosophic N- 

subsemigroup, if the following conditions are true 


i. P is a neutrosophic sub N-semigroup of S(N). 
ii. Each P; = P OS, i =1, 2, ..., Nis an ideal of S;. 


Then P is called or defined as the neutrosophic N ideal of the 
neutrosophic N-semigroup S(N). 


Now we can as in case of bisemigroups or neutrosophic 
bisemigroups define the notion of maximal ideal. 


DEFINITION 3.3.6: Let S(N) = {S; US) UV... USN, *1, «5 *f be 
a neutrosophic strong N-semigroup. Let J = {I; Ul; VU... Uln, 
*), . "yf be a proper subset of S(N) which is a neutrosophic 
strong N-ideal of S(N). J is said to be a neutrosophic strong 
maximal N-ideal of S(N) if each I, cS, (t = 1, 2, ..., N) is a 
maximal ideal of S,. 

It may so happen that at times only some of the ideals I, in S, 
may be maximal and some may not be in that case we call the 
ideal J to be a neutrosophic quasi maximal N-ideal of S(N). 
Suppose S(N) = {S; US, U.. U Sy *, «, *nf is a 
neutrosophic strong N-semigroup, J' = {J; Uy VU... Un, *, 
wy» *xf be a neutrosophic strong N-ideal of S(N). 
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J' is said to be a neutrosophic strong minimal N-ideal of S 
(N) if each J; <S; is a minimal ideal of S; for i = 1, 2, ..., N. It 
may so happen that some of the ideals J; — S; be minimal and 
some may not be minimal in this case we call J' the 
neutrosophic strong quasi minimal N-ideal of S(N). 


Now we proceed on to define the notion of neutrosophic 
maximal N-ideal, neutrosophic minimal N-ideal and_ their 
related quasi structures. 


Suppose S(N) = {S; U Sp Uw. U Sy *, . *yf be a 
neutrosophic N-semigroup. B = {B; UB) VU... UBn, *), ..., *n} 
is called the neutrosophic N-ideal of S(N) if 

(1) Each B; = B 75S; is an ideal of S;, i = 1, 2, ..., N. 

If each of these ideals B; are maximal ideals of S; we call B 
the neutrosophic maximal N-ideal of S(N). 

If each of these ideals B; are minimal ideals of S; then we 
call B the neutrosophic minimal N-ideal of S(N). 

If some of the ideals B; of S; are maximal and some ideals 
are not we call B as the neutrosophic quasi maximal N-ideal. If 
some of the ideals B; of S; are minimal then B is called the 
neutrosophic minimal N-ideal. 


We Just give an example. 


Example 3.3.5: Let S(N) = {S; U So U S3 U Sa, aie *,, *,. * 4h 
where 


Si: = (Z U TI) the neutrosophic semigroup under 
multiplication, 

S. = {0, 1, 2, I, 21} the neutrosophic semigroup under 
multiplication modulo 3, 

S3; = {(a, b) | ae ZU TIand b © Q} component wise 
multiplication is a neutrosophic semigroup and 

Ss = {0, 1, 2, ..., 11} semigroup under multiplication 
modulo 12. 


S(N) is a neutrosophic 5 semigroup. 
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Take T = {T; UT, UT3 U T4, *1, *2, *3, *4} a proper subset 
of S(N) where 


T; = {5Z WU T)}  neutrosophic subsemigroup under 
multiplication. 

T. = {0,1,1,2I} cS. 

T3; = {(0, x)|x € Q} is a semigroup under component wise 
multiplication and 

Ty = {0,6} is a semigroup under multiplication modulo 12. 


T is a neutrosophic sub 4-semigroup of S(N). 

Having just studied the substructure properties now we 
proceed on to study the order of the neutrosophic N-semigroup. 

Let S(N) = {S; US U... U Sy, * iy was nt be a 
neutrosophic N-semigroup. The order of the neutrosophic N- 
semigroup S(N) is the number of distinct elements in S(N). If 
the number of elements in S(N) is finite we call S(N) a finite 
neutrosophic N-semigroup; if otherwise S(N) is called as an 
infinite neutrosophic N-semigroup. 


Example 3.3.6: Let S(N) = {S; U So U S3 U Sa, cate *,, Fy. *,\ be 
a neutrosophic 4-semigroup where 


S:; = (ZUT), neutrosophic semigroup under multiplication, 
So {0, 1, IL 1 + J}, neutrosophic semigroup under 
multiplication modulo 2, 


b 
5, = (i i | a,b,c,de (Q U 0| is a neutrosophic 


Cc 


semigroup under matrix multiplication and 
Ss = {0,1, 2,3, 4, ..., 9} is a semigroup under multiplication 
modulo 10. 


Clearly S(N) has infinite number of elements so S(N) is an 
infinite neutrosophic N-semigroup or S(N) is of infinite order or 


0(S(N)) = ©, or | S(N)| = 00. 


Example 3.3.7: Let S(N) = {S; US2 U S83, *1, *2, *3} where 
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S; = {0, 1, 2, I, 21}, a neutrosophic semigroup under 
multiplication modulo 3. 

S. =  S(2) the semigroup of mappings of the set (1, 2) to itself 
under the composition of mappings and 

S3; = {0, 1, 2, 3, 4} semigroup under multiplication modulo 5. 


o(S(N)) = 5 + 4 + 5 = 14. Thus S(N) is a neutrosophic 3- 
semigroup of order 14. 

It is important to note that in general even if S(N) is a 
neutrosophic N-semigroup of finite order still the order of 
neutrosophic sub N semigroups need not in general divide the 
order of S(N). 

Suppose S(N) is of order n, n a prime then S(N) can have 
proper neutrosophic sub N-semigroups. 


We illustrate this by the following example. 


Example 3.3.8: Let S(N) = {S) U So U S3 U S4, * i, *,, *,. *,\ 
where 


S; = {0, 1, 2, ..., 11} a semigroup under multiplication 
modulo 12. 
S. = {0, 1, 2, I, 21} neutrosophic semigroup under 


multiplication modulo 5. 

Ss; =  {(S(2)}, semigroup of order 4 and 

S4 {0, 1, 2, ..., 7} semigroup under multiplication modulo 
8. 


S(N) is a neutrosophic 4-semigroup of finite order. o(S(N)) = 12 
+54+44+8=29. 

T= {T, UT. UT; U Ts, *1, *2, *3, *4} 1S a neutrosophic sub 
4-semigroup of S(N) where 


Ti = {0, 2, 4, 6, 8, 10} ox Z12, 
T> = {0, i [ 2nc So, 


1 2\f1 2 
T3 = Cc S83, and 
1 2)\2 1 


Ty = {0, 4} Cc Su. 
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T is a finite and o(T) =6+4+2+2 = 14. (14, 29) = 1. Thus we 
see several interesting things happen in case of neutrosophic N- 
semigroup. One such is illustrated by the above example. 

We can now define some special elements in case of 
neutrosophic N-semigroups. 


DEFINITION 3.3.7: Let S(N) = {S; US?) U... USn, *), «.., *nf be 
a neutrosophic N semigroup. An element x © S(N) is an 
idempotent if x € S; and x° =x. An element 0 #x € S(N) i.e. x € 


S; is said to be a zero divisor if there exists 0 # y € S; withx y = 
0. 


Note: If in a neutrosophic N-semigroup S(N) = {S; US, U...U 
Sn, “1, ---5*n} every (S;, *;) is a monoid for i = 1, 2, ..., N, then 
we define S(N) to be a neutrosophic N-monoid. 

In general every neutrosophic N-semigroup need not be a 
neutrosophic N-monoid but every neutrosophic N-monoid is a 
neutrosophic N-semigroup. Now we proceed on to define the 
notion of N-ary idempotents, N-ary zero divisors and N-units of 
a neutrosophic N-semigroup N(S). 


DEFINITION 3.3.8: Let N(S) = {S; US) UV... USN, *, «5 *nf be 
a neutrosophic N-semigroup. An element X = (x, Xz, ..., Xn) € 
S(N) where each x; € S, is called a N-ary idempotent if X° = 
(x7, a. S5 Xe) = (x), X2 .., Xy) = X Le. each x; € S; is an 


idempotent of S; if one or many of these x; are neutrosophic 
elements then X is called as the neutrosophic N-ary-idempotent 


of S(N). 
First we illustrate this by the following example. 


Example 3.3.9: Let S(N) = {S; U S2U 83 U Sa, *1, ...,*4} be a 
neutrosophic 4-semigroup. where 


S; = {0, 1, 2, 3, I, 21, 31}, neutrosophic semigroup under 
multiplication modulo 4. 
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S. = {0, 1, 2, 3, ..., 11} semigroup under multiplication 
modulo 12, 

S; = {0,1,2,1+ 1, 21,2 +I, 1 + 2I, I, 2 + 21} neutrosophic 
semigroup under multiplication modulo 3 and 

Sa = {(a,b)]a,b © {0, 1, I, 1 + I}} neutrosophic semigroup 
under component-wise multiplication modulo 2. 


Take X = (I, 4, 1+2I, 1+1D, X is a neutrosophic 4-ary idempotent 
of S(N). 


Now we proceed on to define N-ary zero divisors and N-ary 
units. 


DEFINITION 3.3.9: Let S(N) = {S; US) VU... USN, *1, «5 *nf be 
a neutrosophic N-semigroup such that each semigroup has the 
zero i.e. x; 0 = Ox; = 0 for all x; € S; i = 1,2, ..., N. An element 
X = (xX), X2, .., Xn), (0000 ...0), x1 € S; 7 = 1, 2, ..., N) in S 
(N) is said to be a N-ary zero divisor if there exists an element Y 
= (V1, V2, «5 vw) £(O, O, ...,0) in S(N); v; © S; such that 


XY = (x1yp X22 «-, XN Yn) 
(0, 0, -.-, 0) 
= VX. 


If in the N-ary of X one or more of elements x; are neutrosophic 
then we call X to be a neutrosophic N-ary zero divisor of S(N). 


Note: It is important to note that if in S(N) = {S; U... U Sy, *1, 
...5*n} each of the S; has 0 such that x; *; 0 = 0 *; x; = 0 we 
would not be in a position to define N-ary zero divisors. 


Example 3.3.10: Let us consider the neutrosophic N-semigroup, 
S(N) = {S; U S2 U S83 *1, *2, *3} where 


S: = (Z UJ), is the neutrosophic semigroup under 
multiplication; 

S. = Zj, semigroup under multiplication modulo 12 and 

S3; =  S(3) semigroup of all mappings of the set (1 2 3) to 
itself. 
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Clearly S(N) cannot have 3-ary zero divisors for S;, and S; have 
no zero divisors more so S(N) cannot have 3 neutrosophic 3-ary 
zero divisors. Thus the condition every semigroup must have 0 
is essential for us to define N-ary zero divisors or neutrosophic 
N-ary zero divisors. 


Example 3.3.11: Let S(N) = {S; U Sz U 83 U Sa, *1, *2, *3, *4} 
be a neutrosophic 4-semigroup where 


S:; = {0, 1, 2, 3, I, 21, 31} neutrosophic semigroup under 
multiplication modulo 4, 
So =  {Zji2, the semigroup under multiplication modulo 12}; 


S; = {(a, b) | a, b © {0, 1, I, 21}} neutrosophic semigroup 
under component wise multiplication and 


a b 
S4 = { Jiaredegl, 
c d 


Clearly S(N) is a neutrosophic 4-semigroup. 
Consider X = (xX), X2, X3 X4), (xi € S;) in S(N), ie., X = (21, 6, (0, 
1 1 
I), ) # (0, 0, 0, 0). 
1 1 
a -—a 
- a 


Let Y = (2I, 6, (21, 0), p in S(N). Clearly XY = (0, 0, 
a 


0, 0). We can see YX = (0, 0, 0, 0). X is called as the 
neutrosophic 4-zero divisor. 


Note: It may happen we have only XY = 0 and YX # 0 in such 
cases we say X is a N-ary of left or right zero divisor. For in the 
same example if we take 


x = (21, 6, (0, 1), [ : ) but 
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1 a —a 
Y = (2 I, 6, (21, 0), ) 
—a b 
XY? = (0, 0, 0, 0) but Y' X #0 for 
; a-b -a+t+b 
yx: = (0, 0, 0, ) #(0, 0, 0, 0) 
a-b -a+t+b 


Hence the claim. 
Next we need to define N-ary of invertible elements in S (N). 


DEFINITION 3.3.10: Let S(N) = (S; US? VU... USN, *, «.., *y) 
be a neutrosophic N-monoid. An element X = (x), ..., Xn) of S(N) 
where x; € S; is said to be N-ary invertible if there exists a Y = 
(V7), «-, Yn) in S(N) such that XY = YX = (e), ..., en) where each 
e; € S;is such that e; x; = x; e; = x; for all x; € S; If in X or Y we 
have neutrosophic elements then we call X to be a neutrosophic 
N-ary invertible element of S(N). 


Now we illustrate this by the following example. 


Example 3.3.12: Let S(N) = {S; U Sx U S83 U Sa, *1, *2, *3, *4} 
be a neutrosophic 4-monoid where 


S, = {0, 1, 2, 14+, 2H, 21 + 1, 21 + 2, I, 21}, neutrosophic 
semigroup under multiplication modulo 3. 

S. = {Q’, semigroup under multiplication}, 

S3; = {0,1,2, ..., 10, semigroup under multiplication modulo 
11} and 


Sa {S(3), semigroup}. 


1 2 3 
Take X = (21 + 2, 5, 10, e 4 i) in S(N), now Y = (21 + 2, 


1 1 2 3 tt +23 
—, 10, ). Now XY = (1, 1, 1, y= YX. 
5 3 1 2 1 2 3 


Clearly X is a neutrosophic 4-ary unit. 
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Several other properties regarding semigroups can be defined 
for N-semigroups and neutrosophic N-semigroups. 

We just give a brief description of conjugate neutrosophic 
sub N-semigroups. 


DEFINITION 3.3.11: Let S(N) = (S; US? U... USN, *, «., *y) 
be a neutrosophic N-semigroup. Let P = { P; UP) VU... UP, 
* ay “yf and T (N) = (T; UT, U.... UU Ty, *), *,..., *x) be any 
two neutrosophic sub N-semigroups. We say P and T are 
conjugate neutrosophic sub N-semigroups if we have for each 
pair (P,, T;), x; P; = T; x, ; x, € S;(P;and T; are subsemigroups 
of S;, i = 1, 2, 3, ..., N). 


Example 3.3.13: Let S(N) = (Sj U So U Ss, *1, *2,*3) be a 
neutrosophic 3-semigroup where 


S; =  {Zj., semigroup under multiplication modulo 12}, 

S. = {0, 1, 2,3, 4,5, I, 21, 31, 41, 51} neutrosophic semigroup 
under multiplication modulo 6 and 

S3 = {Z, x Z4 | ((a, b) | a, b © Z,), semigroup under 
component wise multiplication modulo 4}. 


Take T = {T; U T, UTs3, *1, *2, *3}, a neutrosophic sub 3- 
semigroup where T, = {0, 2, 4, 6, 8, 10} C Zi, Tz = {0, 2, 4, 21, 
AI} is a neutrosophic semigroup. T; = {(0, 1) (1, 0) (0, 0)}. P= 
(P; U Po U P3, *1, *2, *3) be a neutrosophic sub 3-semigroup 
where P; = {0, 3, 6, 9}, Po = {0, 3, 3I} is a neutrosophic 
semigroup and P3 = {(0, 2) (2, 0) (0, 0)} is a subsemigroup of 83. 
3{0, 2, 6, 4, 8, 10} = {0, 6} and 2 {0, 3, 6, 9} = {0, 6} 1e.3 T, = 
2P, = {0, 6}. 3{0, 2, 4, 21, 41} = {0}; {0, 3, 31}2 = {0}. So 3T, 
= 2P,= {0}. 2T; = P3 1. 

Thus we see T and P are neutrosophic sub 3-semigroups. 
The following observations are very interesting. 

It P and T are conjugate neutrosophic sub N-semigroups say 
of finite order. 

(1) o(P) # 0(T) in general. 

(2) 0(x; Pj) = o(T; xi) # o(P;) or # 0(T;) in general. 
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Chapter Four 


NEUTROSOPHIC LOOPS AND 
THEIR GENERALIZATIONS 


In this chapter for the first time we introduce the notion of 
neutrosophic loops and their generalization. A new class of 
neutrosophic loops of order 4t is introduced. Several interesting 
properties about them are derived. In this class of neutrosophic 
loops we have only one neutrosophic loop to be commutative 
for a given t. Likewise only one neutrosophic loop to be right or 
left alternative for a given t and no alternative neutrosophic loop. 
Also these class of neutrosophic loops are simple for they do 
not have normal neutrosophic subloop. Some of the 
neutrosophic loops are WIP-loops. 

This chapter has three sections. In section | we derive and 
define the neutrosophic loops and give some of its properties. 
Section 2 defines neutrosophic biloops and section three defines 
neutrosophic N-loops and gives several interesting properties 
about them. 


4.1 Neutrosophic loops and their properties 

In this section we introduce the notion of neutrosophic loop. We 
define several interesting properties about them illustrate them 
with examples. In this section the new class of neutrosophic 


loops of order 2(n + 1); n odd is introduced and analyzed. 


DEFINITION 4.1.1: 4 neutrosophic loop is generated by a loop 
L and I denoted by (L UI). A neutrosophic loop in general need 
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not be a loop for I’ = I and I may not have an inverse but every 
element in a loop has an inverse. 


Further a neutrosophic loop will always contain a loop. 
Throughout this book we will denote a neutrosophic loop by (L 
UTD. 


Example 4.1.1: Let Ls (3) be the loop; {e, 1, 2, 3, 4, 5} a loop 
of order 6. {Ls (3) U TI} = fe, 1, 2, 3, 4, 5, el, LH, 21, 31, 41, 53} 
under the table; 2.I 21 = el, rl. rl = el, r= 1, 2, 3, 4, 5. 

The table of the loop L; (3) is given below. 


{Ls (3) U D is a neutrosophic loop of order 12. 

We as in case of other neutrosophic structures define order 
of a neutrosophic loop. The number of distinct elements in (L U 
I) is called the order of (L U I). If the number of elements is 
finite we call (L U I) a finite loop. If the number of elements in 
{L U J) is infinite then (L U I) is an infinite neutrosophic loop. 


Now we proceed on to define the neutrosophic subloop. 
DEFINITION 4.1.2: Let (L UI) be a neutrosophic loop. A proper 
subset (P UI) of (L UI) is called the neutrosophic subloop, if 
(P UL) is itself a neutrosophic loop under the operations of (L 
UT). 

We now illustrate by an example. 

Example 4.1.2: Let (L U I) = (L,(4) U JD) be a neutrosophic loop 


where L,(4) is a loop. (e, el, 2, 2I) is a neutrosophic subloop 
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where (L7 (4) U I) = fe, 1, 2, 3, 4, 5, 6, 7, el, 11, 21, 3], 41, SI, 61, 
71}. o(L7 (4) U D = 16 and L,(4) is given by the following table. 


Ea RS Re Paes es 
elses | Ta) De] Bae S ee 7a 
Ea RRR ESE AESEAED 
PARE rSes ees ee 
(313 |2[6le]7[4/1]5 | 


Laas Gia allies. Cok Se 
(51513 [7/4]1]e | 2/6 | 
(6 |6|7/4{i1[5]|2]e]|3 | 
p7 [7] 4] i[s5][2}6]3fe| 


and el . el =el, 31. 31=el, 21.2.]=el=41.41=51.51=6l. 
61= 71. 71= 11. 1I=el. 

We now proceed on to define a new class of neutrosophic 
loops. These loops are also even order built using {e, 1, 2, ...,n 
| n an odd number} and the number of elements in them is 2 (n 
Pol) 3), 


DEFINITION 4.1.3: Let (L,(m) UD) = fe, 1, 2, ..,n, et, IL, ..., 

nl}, where n > 3, n is odd and m is a positive integer such that 

(m, n) = 1 and (m— 1, n) = 1 with m <n. Define on (L,(m) UT) 

a binary operation ‘.’ as follows. 

i. ei. =i.e. =iforalli €L,(m). 

ii. i =e foralli €L,(m). 

iii. il. il =e for alli € L,(m). 

iv. i. j = t where t = (mj — (m — 1)i) (mod n) for all i,j € 
L,(m), i #j, i #e andj #e. 

v. il. jl = t! where t = (mj — (m— 1) i) (mod n) for alli I, 
JI € (L,(m) VI). (L,(m) VU Dis a neutrosophic loop of 
order 2 (n + 1). 


For varying m we get different neutrosophic loops, which we 
denote by (L, U I). This new class of neutrosophic loops are of 
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order 4t; t a positive integer. There are only 3 neutrosophic 
loops of order 12 in (Ls UI). 


Example 4.1.3: We give the table for (L;(2) U I). 


fete [12/3] 4] 5 et] iu] ar{ sr | at si 
fe{e {1 [2[3] 4] 5 |et| i} ar] 31[ 41 | sr 
pitaite|3 {5 [2] 4 [iter | ar] 21 | 2 | ar 
}2{2|5]e [4 ]1/ 3 | art st] et| 4t| i | 31 
ER EAEA RAR RARE Ree 
}4[4]/3[5[2]e | 1 [at] 3r| si] at] el | 


}5 [512] 4{1] 3] e | st| ar] ar] it | 31 | ef 


This loop is a non commutative and non _ associative 
neutrosophic loop of order 12. Thus for all our examples to have 
non abstract neutrosophic loops we take loops from the new 
class of neutrosophic loop which are also or order 2(n + 1) or 4t, 


t= 2[221) asn+ | is also even as n is odd. 


Now we define when is a neutrosophic loop commutative. 


DEFINITION 4.1.4: Let ((L UL), o) be a neutrosophic loop, we 
say (L Ul) is commutative if a.b = b.a for alla, b € (L UI). In 
the new class of neutrosophic loops only the loop 


+1 
(L, (4 UT) is a commutative neutrosophic loop. 


Now we define a notion called strictly non commutative loop. 
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DEFINITION 4.1.5: 4 neutrosophic loop ((L UL), o) is strictly 
non commutative if x oy #y ox for anyx,y € (L UI) x #y,x# 
e, y #e). 


The loop (Ls(2) U I) given in example 4.1.3 is a strictly non 
commutative neutrosophic loop. 

Now we, as in case of other algebraic structures define the 
notion of Lagrange neutrosophic subloop and _ their 
generalizations. 


DEFINITION 4.1.6: Let ((L UL), o) be a neutrosophic loop of 
finite order. A proper subset P of (L UI) is said to be Lagrange 
neutrosophic subloop, if P is a neutrosophic subloop under the 
operation ‘o’ and o(P) /o(L UI). If every neutrosophic subloop 
of (L UI) is Lagrange then we call (L UI) to be a Lagrange 
neutrosophic loop. 

If UTD) has no Lagrange neutrosophic subloop then we 
call (L UI) to be a Lagrange free neutrosophic loop. If (L UI) 
has atleast one Lagrange neutrosophic subloop then we call 
(L UI) a weakly Lagrange neutrosophic loop. 


Now we will illustrate these by the following examples. 


Example 4.1.4: Let (L, (m) U I) be a new class of neutrosophic 
loops of order 2 (n+ 1) where n is a prime. 

Then we see all neutrosophic subloops are Lagrange i.e. 
(La(m) U I) is a Lagrange neutrosophic loop. 


Example 4.1.5: Consider the neutrosophic loop (L15(2) U I) = 
fe 1, 2, 3, 4, ..., 15, el, 1, 21, ..., 141, 151} of order 32. It is 
easily verified P = {e, 2, 5, 8, 11, 14, el, 21, 5I, 81, 111, 141} isa 
neutrosophic subloop and, order of P is 12 and 12 X 32. Hence 
the claim. Thus P is not a Lagrange neutrosophic subloop of 
(L152) UD. 

Consider T = {el, 31, e, 3} c (Li5(2) U I); T is a Lagrange 
neutrosophic subloop of (Lis (2) U I) as 4 / 32. Thus (L;;(2) U 
I) is a weakly Lagrange neutrosophic loop. 
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Now we can define Cauchy element and Cauchy neutrosophic 
element of a neutrosophic loop (L U I). 


DEFINITION 4.1.7: Let ((L UL), o) be a neutrosophic loop of 
finite order. An element x € (L UI) is said to be a Cauchy 


element if x" = e and r/ o(L UI). An element x" =e which is 
not a Cauchy element is called as an anti Cauchy element of (L 
UT). 

A Cauchy neutrosophic element y of (L UI) is one such that 
y =elandt/o(L UL) If UL) has its elements to be either 
Cauchy element or Cauchy neutrosophic element (i.e. (L U I) 
has no anti Cauchy element or anti Cauchy neutrosophic 
element) then we call (L UI) to be a Cauchy neutrosophic loop. 
Tf all elements are anti Cauchy elements then we call (L UI) a 
Cauchy free neutrosophic loop. 

If L UL) has atleast one Cauchy element and one Cauchy 
neutrosophic element then we call (L U I) to be a weakly 
Cauchy neutrosophic loop. 


We illustrate these by the following example. 


Example 4.1.6: Let (L;,(3) U I) be a neutrosophic loop of order 
24 = 4.6 = 4.2.3. In (L,(3) U I) every element is such that x =e 
or (Ix)’ = el so (L UD is a Cauchy neutrosophic loop. Now we 
leave it as an exercise for the reader to prove all neutrosophic 
loops (L,(m) U I) are Cauchy neutrosophic loops. 


Next we speak about the Sylow theorems for neutrosophic loops. 
First we give our observations about the new class of 
neutrosophic loops (Ly U I). 


DEFINITION 4.1.8: A neutrosophic subloop H of the 
neutrosophic loop (L U I) is called a p-Sylow neutrosophic 
subloop of order p*, if p’/o(L UL) but p“' X o(L UI) for some 
prime p. 


118 


Now before we prove the existence of p-Sylow neutrosophic 
subloop we prove the following for the new class of 
neutrosophic loop. 

The new class of neutrosophic loop (L, VU I) will have all its 
loops to be of order 2 (n + 1) where as n is odd, n+ 1 is even. 
We prove the following result. 


THEOREM 4.1.1: Let (L,(m) UI) be the neutrosophic loop from 
(L, UL). For every t/n there exists t subloops of order 2 (k + I) 
where k /t. 


Proof: Let (L,(m) U IT) = fe, 1, 2, ..., n, el, 1, ..., nI} Fori<t 
consider the subset (H;(t) U I) = {e,i,i+t,1+ 2t,...,1+t(k—- 
1), el, i, @+t)I,..., i+t(k—D]I} of (L,Gm) v JD. Clearly e € 
(Hi(t) U I) and so (H,(t) U I) is itself a neutrosophic loop as Hi(t) 
is a proper subloop of L,(m). So (Hi(t) U I) is a neutrosophic 
subloop of (L,(m) U I); for if we take (i + rt), (i + st), (i + rt) I, 
(i+ st) le (H(t) UD). If (i + rt) + st) = q then (i + rt)IG + st)I = 
ql and q and qI satisfy q = [m (i+ st) —(m— 1) (i + rt)] (mod n) 
and qI = [m (i+ st)I— (m—1) (i + rt)I] (mod n) or g=1i+ ut or ql 
= (i+ ut) I, where 

u = (ms—(m- 1)r) (mod k) and 

ul (msI — (m —1) rl) (mod k). 


Since q and qI is of the form, i + ut and (i + ut) I, respectively, q, 
ql € (H(t) U I. Thus (H(t) U ID) is a neutrosophic subloop of 
(L,»(m) U I) of order 2 (k + 1) As i can vary from | to t there 
exists t such neutrosophic subloops. 

Also we have the following interesting corollary. 


COROLLARY 4.1.1: Let (H(t) U I) and (H(t) U I) be two 
neutrosophic subloops of (L,(m) UI) then (H(t) UD) A (Hy) Vv 
I) = {e, el} where i #j. 


Proof: We shall assume that suppose (H(t) U I) 7 (H(t) U I) # 


{e, el}, then there exists a x € (Hi(t) UI) A (H(t) U J) that is x 
€ (H(t) U D and x e€ (H(t) UD, x #e ore Iso 
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x = itnt 
= j+mnt for some 
1 <r, m<n/t, so we must have i+ r, t=j +1 t which implies i 
—j=(m-1) 1. t/(@—j). Hence 1=j asiandj <t. 


COROLLARY 4.1.2: Let the neutrosophic subloops ((H;(t) U L)) 


t 


of (L,(m) UT) be as in theorem. Then U (H(t) UT) = (L,(m) 


UD) for every t dividing n. 


Proof: Since (H,(t) U I) are neutrosophic subloops of (L,(m) U 


t 
I) we have U (Hi(t) U I) < (L,(m) U I). To prove the equality 
i=l 


we have to show (L,(m) U I) ¢ U (H(t) U IT) that is to show 


i=l 


t 
that for x € (L,(m) Ul), x € U (H,(t) U I). If x = e or el then 
i=l 
nothing to prove. Let x # e or el. Then for this x and given t we 
can find integers r and s such that x = rt + s (if xI then xI = (rt + 


s)I). Then clearly x € (H(t) U I) that is x € U (Hi(t) U I). 
i=l 
Hence the claim 


COROLLARY 4.1.3: The neutrosophic subloops (H(t) UI) and 
(H(t) U I) in the above theorem are always isomorphic for 
every t dividing n. 


Proof: Given (L, (m) U I) is the neutrosophic loop having (H,(t) 
U IT) and (H(t) U I) as given distinct neutrosophic subloops. 
Define mapping f from (H(t) U I) to (H(t) U I) as follows f (xD 
= f(x) I for f (1) = 11.e. Lis left invariant under the map. Clearly 
f(e) = e, f(el) = el and fi + rt) =j +rt for 1 <r<n/t. Thus fisa 
natural neutrosophic isomorphism between (H((t) U I) and (H,(t) 
U I). Hence the result. 
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Notation: Let (L,(m) U I) € (L, U ID. For t / n (say n = kt) we 
have (H(t) U I) = {e, i,i+t, i+ 2t,...,i+(k—1)t, el, il, G+ 01 
(i+ 2tyI, ..., GQ + (kx—1)t)I} for i= 1, 2, ..., t which denotes the 
neutrosophic subloop of (L,(m) U I) and its order is 2 [(n/t) + 1]. 


Now we proceed on to give yet another interesting property. 


THEOREM 4.1.2: Let (L,(m) Ul) € LL, UD) If (H UD is a 
neutrosophic subloop of (L,(m) UD) of order 2 (t + 1) then t /n. 


Proof: Leti,j e (HUD, #j,ize,j #e,1# el, j #el). Then 
i.j =k where k is given by k = [mj — (m — 1)i ] (mod n). Now 
(m,—(m— 1)i )=j + (m— 1) G— 1) that is k-—j =(m—- 1) G-i). 
Clearly k — j = (m - 1) G — i) which implies by basic number 
theory difference between k and j is a multiple of the difference 
between i and j. 

Since (H U J) is a neutrosophic subloop, (H U I) is closed, 
hence the difference between any two elements will also be a 
multiple of some number (say d). So (H U I) contains {e, s, s + 
d,s+2d,...,s+[n/(d— 1)]d, el, sI, (s + d)I (s + 2d) I,.., (s + [n 
/ (d — 1)] d) I} (¢ and el belongs to (H U T)) as HU Disa 
neutrosophic subloop. 

This is true for some s such that (1 < s < d). But the set of 
these elements is nothing but (H, (d) U I) whose order is 2 (d + 
1) and d/n. Hence the claim. 


Now we give a nice characterization theorem about these new 
class of neutrosophic loops in (L, U I). 


THEOREM 4.1.3: (Z,(m) U I) © (L, VU I) contains a 
neutrosophic subloop of order 2 (k + 1) if and only if k/n. 


Proof: Let k/n say n = kt to show that there exists a 
neutrosophic subloop of order k + 1. Since n = kt so t/n, by the 
theorem just proved there exists a neutrosophic subloop of order 
2 (k +1). 
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Conversely if there exists a neutrosophic subloop of order 2 (k + 
1) then k/n. 


THEOREM 4.1.4: For this new class of neutrosophic loops the 
Lagrange theorem for groups is satisfied by every neutrosophic 
subloop of (L,(m) UD if and only ifn is an odd prime. 


Proof: Let n be an odd prime say p. There exists neutrosophic 
subloops of order 4 and 2 (p + 1) only by earlier theorem. Since, 
if the order of the neutrosophic subloop is 2 (p + 1) it 1s trivially 
(La(m) U I) as order of (L,(m) U I) is 2 (p + 1). Now clearly for 
the neutrosophic subloop of order 4 we have 4 / 2 (p + 1) since 
p is odd. Hence the Lagrange theorem for groups is satisfied. 
Conversely let n be not a prime number say n=rs, 1 <1,s< 
n. To show that Lagrange theorem for groups is not satisfied by 
all neutrosophic subloops of (La(m) U I) we have to show that 
there always exists a neutrosophic subloop of (L,(m) VU I) which 
does not satisfy Lagrange theorem for groups. We have n = rs, 


(1 <r,s<n). 
Now for this integer r we can have either 
(1) r>nor 
ji) or<n. 


We make use of this two mutually exclusive conditions to prove 
the result. 


Case i: If r° > n, consider the neutrosophic subloop (H,(s) U I) 
(as s/n). Clearly o((Hi(s) U ID) = 2 (& + 1). Now if the 
Lagrange’s Theorem for groups is satisfied by (H;(s) U I) then it 
implies r+ 1/n+ 1. Since r/n implies r+ 1/n-+ 1. We must 
have 1 <n, which is a contradiction to our assumption. So 
(Hi(s) U I) does not satisfy the Lagrange’s theorem for finite 
groups. 


Case ii: If r° <n then s’ > n (as n = rs). So the neutrosophic 


subloop (Hr) U I) for any j € {1, 2, ..., r} does not satisfy the 
Lagrange theorem. Hence the claim. 
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We shall prove the new class of neutrosophic loops, (L, U I) has 
only 2-Sylow neutrosophic subloops of minimal order 4. 


THEOREM 4.1.5: Let (L,(m) UI) © (L, UL) (order of (L,(m) VU 
Lis 2 (n + 1). Letn + 1 = p‘ r where (p, r) = 1, p a prime. 
Then there exists a p-Sylow neutrosophic subloop of order 2 (p') 
if and only if p’ —1/r—1. 


Proof: Suppose there exists a p-Sylow neutrosophic subloop of 
order p* then p‘— 1 / (p‘r— 1). But this implies p*— 1/r—1. 

Conversely if p — 1/r — 1 then p‘ — 1 / p‘r— 1 using the 
theorem there exist a neutrosophic subloop of 2p‘. 


Now we see that our above theorem is perfectly valid for we 
prove for any odd prime p we cannot have p-Sylow 
neutrosophic subloops. 


THEOREM 4.1.6: For any neutrosophic loop in the class of 
neutrosophic loops(L, UI) i.e. for (L,(m) UTD) of Ly, UT) there 
exists only 2-Sylow neutrosophic subloops. 


Proof: Just above we have proved if there exists a p-Sylow 
neutrosophic subloop of order 2p“ then (p* -1) / (r — 1) where r 
is given by p‘ r=n+ 1 and (p, r) = 1. Suppose p #2 ie. p is an 
odd prime. Since (n + 1) is even r is even as p r=n+ 1. Since 
(p* — 1) is even and r— 1 is odd as r is even so (p*— 1) X (r— 1). 
Thus if p is an odd prime there cannot exists any p-Sylow 
neutrosophic subloops. Hence the result. 


Remark: It is intentionally used in the theorem a p-Sylow 
neutrosophic subloop of order 2p‘. This is mainly to show later 
on p is an even prime. 


Now we can give the p-Sylow neutrosophic subloops of (Ls(3) 
U IT) = fe, 1, 2, 3, 4, 5, el, I, 21, 31, 41}. Clearly P, = {e, el, 1, 
11}, Po = fe, el, 2, 21}, P3 = {e, el, 3, 31} Pu = fe, el, 4, 41}, Ps; = 
{e, el, 5, SI} are 2-Sylow neutrosophic subloops of Ls (3). 
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Now we proceed on to define the notion of normal neutrosophic 
subloop of a neutrosophic loop. 


DEFINITION 4.1.9: Let (L VU I) be a neutrosophic loop. A 
neutrosophic subloop (H UI) of (L UL) is said to be a normal 
neutrosophic subloop of (L UI) if 


i. (H UI)x =x (H UI) 
ii = ((HUD)x) y= (H UI) (xy) 
iii. y (x (H VD) = (vx) (A VI) for allx, y € (LUT). 


A neutrosophic loop (L UI) is simple if it does not contain any 
non trivial normal neutrosophic subloop. 


Now we prove some interesting results about the new class of 
neutrosophic loops (Ly U I). 


THEOREM 4.1.7: Let (L,(m) UI) € (L, UI). Then (L,(m) UD) 
does not contain any non trivial normal neutrosophic subloop. 


Proof: Let (H(t) U I) be a neutrosophic subloop of (L,(m) U I) 
e(L,UD. 


Case i: If t = n then {Hi(t) U I} = {e, i, el, i I} be a 
neutrosophic subloop. For this i we can find j, k € (L,(m) U I) 
such that (i, j) k #i Gj. k). Then ((H(t) U I) j) k # (H(t) U DG 
k). So (H(t) U I) is not a normal neutrosophic subloop. 


Case ii: If t #n that is t<n then (H(t) UI) = {e, 1,1 +t, i+ 
2t,...,i+(n/t—1)t,el,i. 1(i+t) 1, i+ 20) I, ..., [i+ @/t— 1) t] 
I}. Take j ¢ ( H(t) U D) then ((H,(t) U 1). j = (H(t) U 2D) \ Ce, 
el} U {j, j}) where r is given by r = (mj — (m -1) 1 ) mod t. 
Now take k € (H,(t) U I) then ((Hi(t) U I). j), k = (H(t) U D) 
\0a, kDUG,jL k kD) =(A UD say. 

Now if j, k, jl, kl € (H(t) U I) then (Hi(t) U I) G k) = 
(Hi(t) U I) # (A U I) and ifj, k, jl, kI ¢ (Hi(t) U J), then e, el ¢ 
((H(t) U I) Gg. k) and so (H(t) U I) G.k) # (A U 0), so in 
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case ii also we get that (H(t) U I) is not a normal neutrosophic 
subloop. 


Then we have very important result regarding the new class of 
neutrosophic loops (L, U J). 


THEOREM 4.1.8: Each neutrosophic loop in (L, UI) is simple. 


Now we proceed on to define Moufang Bruck, Bol, WIP, right 
alternative, left alternative neutrosophic loops. 


DEFINITION 4.1.10: 4 neutrosophic loop (L UI) where L is a 
loop is said to be neutrosophic Moufang loop if its satisfies 
anyone of the following identities. 


i. (xy) (2x) = (x (y Z) x). 
i. ((xy)Zz) y =x (y (zy). 
iii. x (vy (xz) = (xy) x)z for all x, y,z € (L UT), 


It is left as an exercise for the reader to prove that (L, U I) does 
not contain any neutrosophic Moufang loops. 


Hint: Use the property Moufang loops are diassociative. 
Next we define neutrosophic Bruck loop. 


DEFINITION 4.1.11: Let (© UI) be a neutrosophic loop (L UI) 
is said to be a neutrosophic. Bruck loop if 


i. (x (vx ))z =x (v (« z)) and 

ii. (xy)! =x! y" for all x, y, z © (L UL) whenever a 
neutrosophic element has no inverse we do expect x, y, 
€ (L UI) to satisfy condition (ii). 


It is important to note that none of the neutrosophic loops in the 
new class of loops (L, U I) are Bruck neutrosophic loops. 


Now we proceed on to define neutrosophic Bol loops. 


125 


DEFINITION 4.1.12: A neutrosophic loop (L UI) is called a Bol 
neutrosophic loop if ((x y) z) y = x ((y 2) y) for all x, y, z, € 
(L UL). 


DEFINITION 4.1.13: A neutrosophic loop (L UI) is said to be 
right alternative if (x y) y =x (vy y) for allx, y € (L UTD) and left 
alternative if (x x) y = x (x y) for all x, y © (L UT) and is an 
alternative neutrosophic loop if both it is a right and left 
neutrosophic alternative loop. 


DEFINITION 4.1.14: 4 neutrosophic loop (L VU I) is called a 
weak inverse property loop (WIP — neutrosophic loop) if (x y) z 
= e imply x (y z) = e and (xI yl) zl = el and xI(yI zl) = el for all 
x,y,z € (L UI) (e the identity element of L). 


We mainly prove which are the identities satisfied by the new 
class of neutrosophic loops. 


THEOREM 4.1.9: The class of neutrosophic loops (L, VU I) 
contains exactly one left alternative neutrosophic loop and one 
right alternative neutrosophic loop and does not contain any 
alternative neutrosophic loop. 


Proof: Suppose (L,(m) VU I) € (L, U I) be right alternative then 
Gi. j).j =1 G3), GI jDjl = Uf GI jD for all 1, j, i, jf in (L,Gm) vu I). 
Ifi=j oril=jlore, el € {i,j} then above equality holds good 
trivially so take i #j, i # jl, e #j, el ¥ jl, e #1, el il. Now 
(i. j.) ] = t where t = (mj — (m — 1) (yj — (m — 1)i) mod n and 
i (jj) =1 (as jj =e ). So we must have t = i (mod n) or (mj — (m — 
1) (mj — (m-1)i ) = i(mod n) or (m? — 2m) (i — j) = 0 (mod n). If 
(La(m) U I) is to be right alternative we have this equation for 
all i, j (il, jl) € (La(m) UD; i,j € {1, 2,...,n} i#j. Hence (m*— 
2m) = 0 or = m = 2 is the only solution. Thus (L,,(2) U I) is the 
only neutrosophic loop in (L, U I) which is right alternative. 
Suppose (L,(m) U I) is left alternative then i (4j) = (i.i) j for 
all i,j € (L»(m) VU J). Take i,j € (Li(m) UD G@ 4j,j #e andiz 
e)j #el,i#el theni (ij) =t where t is given by, t (m(mj — (m — 
1)i) — Gm — 1)i)(mod n) and (1.1)j = j(.1 = e). Thus we have t = j 
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(mod n) that is (m* — 1) (i—j) = 0 (mod n) this must be true for 
al i and j. Hence m’ — 1 = 0 (mod n). Now m = n — 1 is the 
unique solution for this equation since, m # n and (m — I, n) = 
1) Thus (L,(n —1) U J) is the only left alternative neutrosophic 
loop in(L, U I). 

If the neutrosophic loop is to be alternative we must have 
the loop to be both left and right alternative hence both 
conditions must be satisfied i.e., a common solutions to both the 
equations (m* — 1) = 0 (mod n) and (m* — 2m) = 0(mod n) 
simultaneously is impossible an n > 3. Thus the new class of 
neutrosophic loops has no alternative neutrosophic loop. 

It is important to observe that right alternative and left 
alternative loops in (L, U I) are not commutative. 


Next we prove none of the loops in the class (L, U I) are 
Moufang neutrosophic loops. 


THEOREM 4.1.10: The new class of neutrosophic loops (L, UI) 
does not contain any Moufang neutrosophic loop. 


Proof: Let (Ly, U I) be the new class of neutrosophic loops. We 
prove the result under two cases 


i. (Li(m) U IT) € (L, U DT) is commutative 
il. (Ln (m) U I) the neutrosophic loop of (L, U I) is non 
commutative. 


Case i: Let (L,(m) U I) be a commutative neutrosophic loop. To 
prove (L,(m) U I) is not Moufang, it is enough to show that (x 
y) (z x) # x ((y z ) x) for atleast one triple x, y, z € (La(m) U ID) 
(Note what we prove for x, y, z holds good verbatim for x], yl, 
zl so we discuss only for x, y, z to avoid repetition). 

Take z = x (x #e or el and y ¥¢, or el). Then (xy) (zx) = 
(xy) (xx) = xy (as xx = e in (L,(m) U J)) and x ((y z ) x) = (x 
(yx)) x. 

If (L,(m) U I) is Moufang we must have (xy) (zx) = x ((y z) 
x) for all x, y, z € (La(m) UI). So x y = x ((yx)x). That is y = ye 
= y (xk x) = (y x) x (as xx =e for all x € (L,(m) U J) hence 
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(L,(m) U IT) must be right alternative which is not possible. 
Hence if the loop is commutative then it is not a Moufang loop. 


Case ii: Let the neutrosophic loop (L,(m) U I) be non 
commutative that is we have atleast a pair (x, y) of distinct 
elements different from identity such that yx # xy. So (x y) (y x) 
# e. Putting z = y in the Moufang identity we get (xy) (zx) = 
(xy) (yx) # e but x ((yz) x) = x ((yy)x) = x.x. =e. Hence claim. 


Now we prove the new class of neutrosophic loop (L, U I) does 
not contain any Bol loop. 


THEOREM 4.1.11: The new class of neutrosophic loops (L, UI) 
does not contain any Bol loop. 


Proof: Recall that a neutrosophic loop (L U I) is Bol if it 
satisfies ((x y)z) y =x ((y z)y) for all x, y, z, e (LUI). 
We prove the results under 2 cases 


i. When L,(m) is not right alternative. 
il. When L,(m) is right alternative. 


Case i: If (L,(m) VU I) is not right alternative then there exists x, 
y € (L,(m) UD) (x # y, x #e ore Land y # e ore J) such that 


X(yy) # (xy)y. 
Take z= y in 
((xy)Z)y =  x((yz)y) then 
((xy)y)y = x((yy)y) 
((xy)y)y 4 Xy. 
But 
x((yz)y) = x((yy)y) 
= Xy. 


So when (L,(m) U I) is not right alternative, it is not a Bol loop. 


Case ii: Let (L,(m) U I) be a neutrosophic right alternative loop. 
We know (L,(2) U I) is the only right alternative loop in (Ly, U 
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I). If we take x =y =k + 1 and z=k, k <n then we get ((x y) z) 
y = zy = t where t = (k + 2) (mod n). Now x (yz) y) = r (say) 
where r=k +5 (mod n). 

If (L,(2) U DP is a neutrosophic Bol loop then k + 5 =k +2 
(mod 5) that is n/3 which is not possible as n > 3. So even when 
{L,(2) U TD) is right alternative the neutrosophic loop (L,(2) U I) 
is not a Bol loop. 


Now we prove the new class of neutrosophic loops do not 
contain any neutrosophic Bruck loop. 


THEOREM 4.1.12: The new class of neutrosophic loops (L, UI) 
does not contain a neutrosophic Bruck loop. 


Proof: Recall that a neutrosophic loop L is Bruck if it satisfies 
(x (y x)) =x (y (xz) (1) forx,y, ze (LUD. @yy=xt yt 
(2) for x, y € L whenever xy have inverse. We will show that 
for any neutrosophic loop (L,(m) U I) € (La U J) there exist x, y, 
z € {L,(m) U I) for which (1) is not true. Let (L,(m) U I) = fe, 1, 
2,...,n, el, 1], 21, ..., nl} e (L,UD. 


Case i: If (L,(m) U J) is not right alternative take x =z = yt 1 
with y <n, then x (y (x z)) = x (y (x x)) = xy =t where t is 
given by t = (my — (m — 1)x) (mod n) and (x (y x)) z = (x (y x)) 
x =1 where r is given by r = (— m’ + 2m’— m+ 1) x + (m>— 
2m’ + m) y) (mod n). If (L,(m) U I) is to be neutrosophic Bruck 
loop we must have t = r (mod n) so we get (m’ — 2m’) (x — y) = 
0 (mod n) or (m — 2) = 0 (mod n) as ((m’, n) = 1 and x = y + 1) 
or m = 2 which is a contradiction as (L,(m) U I) is not right 
alternative. So (L,(m) VU I) is not a neutrosophic Bruck loop in 
this case. 


Case ii: Let (L,(m) VU I) be a right alternative neutrosophic loop. 
Then it is not left alternative. So there exists x, z € (L,(m) U I) 
(x # e, x #z and z # e) such that (x x) z # x (x z) that is z # 
x(xz). Now take y = x in (x (y x)) z= x (y (xz)). Then (x (y x))z 
= (x (xx)) z = xz but x (y (xz)) = x (x (xz)) # xz. So (L,(m) U J) 
is not a neutrosophic Bruck loop. 


129 


Now we obtain a necessary and sufficient condition for a 
neutrosophic loop in the class of loop (L, U I) to be a WIP- 
neutrosophic loop. 


THEOREM 4.1.13: Let (L,(m) U I) © (L, U I) Then the 
neutrosophic loop (L,(m) UI) is a weak inverse property (WIP) 
loop if and only if (m? —m + 1 ) =0 (mod n). 


Proof: We know (L U I) is a WIP neutrosophic loop with 
identity e; if (x y) z =e implies x (y z) =e then obviously (xI yI) 
zl = el and xI (yI zl) = el where x, y, z, xl, yl, zl e (LUI). We 
show the working for x, y, z on similar lines the result holds 
good for xI, yl, zl. 

Suppose (L,(m) U I) € (Ly U I) is a WIP loop. Choose x, y, 
z € (L,(m) U I) such that (x — y, n) = | and z = xy. Now z = xy 
implies z = [my — (m — 1) x] mod n. Since (L,(m) U J) is a 
neutrosophic WIP loop and (xy) z = e, we must have x (yz) =e 
or yz = x. That is x = [mz-—(m-— 1)y] mod n. 

Putting the value of z from z = (my — (m — 1)x) (mod n) in x 
= (mz — (m— 1)y) mod n we get (m? — m + 1) (x — y) = 0 (mod 
n) or m’—m+1=0(modn). 

Conversely if (m*— m+ 1) = 0 (mod n) then it is easy to see 
that x = (mz — (m - 1) y) (mod n) holds good whenever z = (my 
— (m - 1) x) (mod n) hold good i.e. (x y) z = e implies x (y z) = 
e and x, y and z are distinct elements of {(L,(m) U I) \ (e, el}. 
However if any one x or y or z is equal to e or x = y then WIP 
identity holds trivially. 

Hence (L,(m) UL I) is a WIP neutrosophic loop. It is 
interesting to not left or right alternative neutrosophic loop of 
(Ly U I) is not a WIP loop. 

We leave it for the reader to check (L7(3) UT) € (L7 UD) is 
a WIP neutrosophic loop. It is still interesting to note that the 
new class of neutrosophic loops (L, U I) does not contain any 
associative neutrosophic loop. 
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THEOREM 4.1.14: The new class of neutrosophic loops (L, UI) 
does not contain any associative neutrosophic loop i.e. a 
neutrosophic group. 


Proof: Let (L»(m) U I) € (L, UI). To prove (L,(m) U JD) is not 
an associative neutrosophic loop it is sufficient to find a triple (x, 
y, z) in (L,(m) U I) such that (x y) z # x (y z). Take three 
distinct non identity elements i, j, k in (L,(m) U I) such that (1,j) 
#k andi # (Gj. k). Now (i,j) k =r where r is given by r = [mk — 
(m — 1) (mj — (m — 1)i] [mod n] and ijjk) = t where t is given by 
t = (m(mk — (m - 1)) —(m— 1) i] (mod n). 

If (ij) k =i (jk) then we must have r= t (mod n ) or (m? —m) 
(k — i) = 0 (mod n) but (m* — m, n) = 1. So the above equation 
gives k — i = 0 (mod n) or k = 1 a contradiction to our 
assumption. Hence the result. 

Having seen all these properties for this new class of 
neutrosophic loops (L,(m) U I) we now define the results in 
general for neutrosophic loops. It has become pertinent to 
mention here that we do not have a class of loop which is 
naturally obtained so we are in a difficult position to see these 
loops or their neutrosophic analogue. 


DEFINITION 4.1.15: Let (L UI) be a neutrosophic loop of finite 
order. If P is a neutrosophic subloop of (L U I) and if o(P) / 
o((L U T)) then we call P a Lagrange neutrosophic subloop. If 
every neutrosophic subloop is a Lagrange neutrosophic subloop 
then we call the neutrosophic loop (L UI) to be a Lagrange 
neutrosophic loop. If (L U I) has no Lagrange neutrosophic 
subloop we call (L UI) to be a Lagrange free neutrosophic loop. 
If LUD) has atleast one Lagrange neutrosophic subloop then 
we call (L UI) to be a weakly Lagrange neutrosophic loop. 


Next we define the notion of p-Sylow neutrosophic subloops. 


DEFINITION 4.1.16: Let (L UI) be a neutrosophic loop of finite 
order. Let p be a prime such that p */ o((L U1) and p*" X 

o((L UT) and if (L UI) has a proper neutrosophic subloop P of 
order p “ then we call P a p-Sylow neutrosophic subloop. If 
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(L UI) has atleast one p-Sylow neutrosophic subloop then we 
call (L UI) a weakly Sylow neutrosophic loop. If (L UI) has no 
p-Sylow neutrosophic subloop then we call (L UI) a Sylow free 
neutrosophic loop. 

If for every prime p such that p “/ o((L UL)) and p 
o((L UL) we have a p-Sylow neutrosophic subloop then we call 
(L UI) a Sylow neutrosophic loop. If in addition (L UI) being a 
Sylow neutrosophic loop we have for every prime p, p °/0((L U 
L) and p*' X o( UL) we have a neutrosophic subloop of 
order p*™ (t > 1) then we call (L U I) a super Sylow 
neutrosophic loop. 


atl X 


It is important and interesting to make note of the following 


(1) Every super Sylow neutrosophic loop is a Sylow 
neutrosophic loop but a Sylow neutrosophic loop in 
general is not a super Sylow neutrosophic loop. The 
reader is requested to construct a non abstract example 
for the same. 

(2) Every Sylow neutrosophic loop is a weakly Sylow 
neutrosophic loop, however a weakly Sylow 
neutrosophic loop in general is not a Sylow 
neutrosophic loop. 


Here also a innovative reader can construct a non abstract 
example of the same. Now we can say only one thing. All 
neutrosophic loops of order 2" (n > 1) cannot have p-Sylow 
neutrosophic subloop p a prime. 

We had talked about Cauchy elements in the new class of 
neutrosophic loops now we proceed on to study Cauchy element 
in general neutrosophic loops. 


DEFINITION 4.1.17: Let (L UI) be a neutrosophic loop of finite 
order. An element x € (L UI) is said to be a Cauchy element of 
(L UD ifx" = 1andn/o((L UL); y € (L UL) is said to be a 
Cauchy neutrosophic element of (L U1) ify" =I and m/o((L UV 
TI). If y{" =I but m; X o((L UL) then we call y; a anti Cauchy 


neutrosophic element of (L UI). If x}! = 1 and n; X o((L UL), 
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x, is called the anti Cauchy element of (L UI). If (L UI) has no 
anti Cauchy element and no anti neutrosophic Cauchy element 
then we call (L UI) to be a Cauchy neutrosophic loop. 

If (L U I) has atleast one Cauchy neutrosophic element and 
one Cauchy element then we call (L U I) to be a weakly Cauchy 
neutrosophic loop. If (L U I) has no anti Cauchy element (or no 
anti Cauchy neutrosophic element) then (L U I) is called semi 
Cauchy neutrosophic loop ‘or’ is used in the strictly mutually 
exclusive sense. 


It is interesting to see that all Cauchy neutrosophic loops are 
weakly Cauchy neutrosophic loops but clearly Cauchy 
neutrosophic loops are in general not a weakly Cauchy 
neutrosophic loop. 

Also we see every Cauchy neutrosophic loop is semi 
Cauchy neutrosophic loop and semi Cauchy neutrosophic loop 
is never a Cauchy neutrosophic loop. However we see we do 
not have any relation between weakly Cauchy neutrosophic 
loop or semi Cauchy neutrosophic loop. Interested reader is 
expected construct examples and counter examples for these 
types of Cauchy neutrosophic loops. Several more properties 
can be derived about these neutrosophic loops. 


4.2 Neutrosophic Biloops 


Now we proceed on to define the notion of neutrosophic 
biloops. The study of biloop have been carried out in [48]. Here 
we define the several interesting properties about neutrosophic 
biloops. 


DEFINITION 4.2.1: Let ((B UI) *;, *) be a non empty 
neutrosophic set with two binary operations *), *>, (B UI) is a 


neutrosophic biloop if the following conditions are satisfied. 


i. (BU I) = P; UP? where P; and P2 are proper subsets 


of (B UT). 
ii. (P;, *,) is a neutrosophic loop. 
iii. (P2, *,) is a group or a loop. 
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We now illustrate this by the following example. 


Example 4.2.1: Let (BU TI), *1, *2) = (fe, 1, 2, 3, 4, 5, el, 11, 21, 
31, 41, 5I} U {g | @ = e’}, *1, *). Clearly (BUD =P, UP) 
where P, = ({e, 1, 2, 3, 4, 5, el, 11, 21, 31, 41, 5I}) U {g| g = 
e’} = Py. (B UT) is a neutrosophic biloop. All biloops are not in 
general neutrosophic biloops. 

We can say the order of the neutrosophic biloop is the 
number of distinct elements of (B VU I). If the number of 
elements in (B U I) is finite we call the neutrosophic biloop to 
be finite. If the number of elements in (B U J) is infinite we call 
the neutrosophic biloop to be infinite. The neutrosophic biloop 
given in the example 4.2.1 is finite. Infact order of a 
neutrosophic biloop is denoted by o((B VU I)) and o((B U J)) in 
the above example is 17. 


Now we give yet another example of a neutrosophic biloop. 


Example 4.2.2: Let (B U I) = {(L,(3) UI) U {Z, group under 
addition} }. (B U I) is an infinite neutrosophic biloop. 


Now we proceed in to define the notion of neutrosophic 
subbiloops. 


DEFINITION 4.2.2: Let ((B UI), *), *,) be a neutrosophic 
biloop. A proper subset P of (B UI) is said to be a neutrosophic 
subbiloop of (B UL) if (P, *), *)) is itself a neutrosophic biloop 
under the operations of (B UI). 


We make the following observations. 


THEOREM 4.2.1: (P, *;) or (P, *) taken from definition 4.2.2 is 
not a neutrosophic loop or group. 


Proof: We can prove this by example for take ((B U I) *1, *2) = 
{(L;(3) UD, 1, g, g g}. P= fe, 1, g’, el, 11, I} is not a loop or 
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group under the operation *, or *, but P = P, U P2= fe, 1, el, 
11} U {1, g?} is a neutrosophic subbiloop of P. 


We prove the following Theorem. 


THEOREM 4.2.2: Let ((B U I) = B; U By *);, *) be a 
neutrosophic biloop. (P, *;, *:) a proper subset of (B UI) is a 
neutrosophic biloop if and only if P; = P OB, i = 1, 2 and P,, is 
a neutrosophic subloop and P> is a subgroup. 


Proof: If (P, *1, *2) 1s a neutrosophic biloop then we can say P = 
(P; U Po, *1, *2) where (P;, *;) is a neutrosophic loop and (P2, 
*,) is a group. Thus P; = P ~ B; is a neutrosophic subloop of B, 
and P, = PM B is a subgroup of B». Hence the claim. 

Suppose P=P, UP) with P}=POB, and P, =P OB: are 
neutrosophic subloop and a subgroup, obviously P is a 
neutrosophic subbiloop. 

Now we illustrate this by the following example. 


Example 4.2.3: Let (B = By; U Bo, *\, *2) be a neutrosophic 
biloop where B, = {(L3(2) U I)} and Bz = Do. Take P = ({e, el, 
4, 41} U {b, b’, b*, b*, b®, b® = 1} *\, *2), P is a neutrosophic 
biloop of B but P as a set is neither a neutrosophic loop under *; 
nor a group under the binary operation *. 

Now we see 0(B) = 24 and o(P) = 10 but 10 X 24 so we see 
the Lagrange theorem for finite groups is not satisfied. Take V = 
(Vi U Vo, *1, *2) where V, = fe, el, 2, 21} and V2 = {g°, 1}. Vis 
a neutrosophic subbiloop and o(V) / 0(B) 1.e. 6/24. 


Now we make some more definitions in this direction. 


DEFINITION 4.2.3: Let (B = B,; U B, *), *2) be a finite 
neutrosophic biloop. Let P = (P; UP», *), *:) be a neutrosophic 
biloop. If o(P) / 0(B) then we call P a Lagrange neutrosophic 
subbiloop of B. 

If every neutrosophic subbiloop of B is Lagrange then we 
call B to be a Lagrange neutrosophic biloop. If B has atleast 
one Lagrange neutrosophic subbiloop then we call B to be a 


135 


weakly Lagrange neutrosophic biloop. If B has no Lagrange 
neutrosophic subbiloops then we call B to be a Lagrange free 
neutrosophic biloop. 


It is easy to verify all Lagrange neutrosophic biloops are weakly 
Lagrange neutrosophic biloops. 


However the converse is not true. It is left as an exercise for the 
reader to find or characterize those neutrosophic biloops which 
are (1) Lagrange (2) weakly Lagrange. 


Now we proceed on to prove some interesting theorem. 


THEOREM 4.2.3: All neutrosophic biloops of prime order are 
Lagrange free. 


Proof: Let B = (By U Ba, *), *2) be a finite neutrosophic biloop 
of order p, p a prime. Suppose P is any neutrosophic subbiloop 
of B then clearly o(P) X o(B). Thus (B = B; U By, *;, *2) is a 
Lagrange free neutrosophic biloop. 


Now we give another example. 


Example 4.2.4: Let (B = (Bi U Ba), *1, *2) where By = {(L7(3) 
U I) *,} and B. = {g | g’ = 1}; B is a neutrosophic biloop of 
order 23. 

Take P = P; U P2 = {e, el, 31, 3} U {g| g’ = 1}, Pisa 
neutrosophic subbiloop of B and o(P) = 11 and 11/ 23. Thus 
what ever be the neutrosophic subbiloops we see B is a 
Lagrange free neutrosophic biloop. 


Yet we give another example. 


Example 4.2.5: Let B = (By U Bu, *), *2) where By = {(Ls(3) U 
I), *;} and Bo = {g| g® = 13, 0(B) = 20. Take (P = P; U Py, *, 
*,)) where P; = {e, el, 3, 31} Cc B, and P, = {1, gi} CB. Pisa 
neutrosophic subbiloop and o(P) = 6 and 6 X 20. 

Take T = T; U T, where T, = {e, el, 2, 21} c B, and T2 = 
{o°, g*, 2°, 1}; o(T) = 8 and 8 X 20. So T is not a Lagrange 
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neutrosophic subbiloop. P is also not a Lagrange neutrosophic 
subbiloop. 

Take S = {S, U Sy, *), *2} where S; = {e, el, 3, 31} and S) = 
{1} < By we see S is a neutrosophic subbiloop of order 5 and 5 
/ 20. So S is a Lagrange neutrosophic subbiloop. We see the 
neutrosophic loop (L;(3) U I), can have neutrosophic biloops of 
order only 4 and (g | g* = 1) can have subloops of order 1, 2 and 
4. Thus we see B is a weakly Lagrange neutrosophic biloop. 

We see in the above example the neutrosophic loop and the 
group satisfy the Lagrange theorem separately but as a 
neutrosophic biloop, they do not satisfy the Lagrange theorem 
for finite groups. 

Now we as in case of other neutrosophic bistructures here 
we define Cauchy element and Cauchy neutrosophic element of 
a neutrosophic bigroup. 


DEFINITION 4.2.4: Let B = (B; U Bo, *), *)) be a neutrosophic 
biloop of finite order. An element x € B such that x" = 1 is 
called a Cauchy element if n / o(B) otherwise x is an anti 
Cauchy element of B. 

We call an element y of B with y" = I to be a Cauchy 
neutrosophic element if m / 0(B); otherwise y is a anti Cauchy 
neutrosophic element of B. If every element in B is either a 
Cauchy element or a Cauchy neutrosophic element then we call 
B to be a Cauchy neutrosophic biloop. 


We now illustrate this with some examples. 


Example 4.2.6: Let B = (B, U By, *), *2) where B, = (L7(3) UD, 
a neutrosophic loop and B> = {g | g'°= 1} cyclic group of order 
16. Clearly o(B) = 32. 

It is easily verified that B is a Cauchy neutrosophic biloop. 


We give get another example of a Cauchy neutrosophic biloop. 
Example 4.2.7: Let (B = By; U Bao, *\, *2) be a neutrosophic 


biloop where B,; = (L;(3) U I) and By = (g | g* = 1). Bisa 
Cauchy neutrosophic biloop. 
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We give another example. 


Example 4.2.8: Let (B = B; U Bao, *\, *2) be a neutrosophic 
biloop when B, = (L;(3) U I) and Bz = (g | g’= 1), o(B) = 19. No 
element in B is a Cauchy element. So B is a Cauchy free 
neutrosophic biloop. 


Now we can give a characterization theorem for a neutrosophic 
biloop for which the neutrosophic loop is taken from the new 
class of neutrosophic loops to be Cauchy neutrosophic biloops 
by choosing a proper group. 


THEOREM 4.2.4: Let B = (B; U Bz, *), *2) where B, is a new 
class neutrosophic loop of order 2 (n + 1) and choose group, B> 
so that 2 (n + 1) + 2" = 2' where 2" = o(B,). B is a Cauchy 
neutrosophic loop, only when n + 1 = 2" for some w. 


Proof: Let (L,(m) U I) be a neutrosophic loop from the new 
class of neutrosophic loops. Order of (L,(m) U I) = 4t = 2 (n + 
1). It t= 2° then choose B; to be a group of order 2" then ((L,(m) 
UI) UB, ) will be a Cauchy neutrosophic biloop. 

It t is not of the form 2° then choose the order of B, to a 
number m such that 4t + m = 2". This is always possible but we 
cannot in general say the elements in Bo, will be Cauchy with 
respect to B= ((L,(m) U I) U By). 

Thus is very clear from the following example. For choose 
B= ((L,(m) VU I) U B2) a neutrosophic biloop. 

The order of (L25(m) U I) = 52, choose order of Bz to be 12 
a cyclic group of order 12 or Ay or D25. Now 0(B) = 64 = 2°. But 
we have x € B such that x* = 1, so x is not Cauchy. Hence our 
claim. 

One of the most important question is that if (B = B; U Bo, 
*1, *)) is a finite neutrosophic biloop say order of B is n. Can we 
say for every t /n as in case of finite groups say B has a Cauchy 
element x such that x' = 1 and Cauchy neutrosophic element 
such that y'' =I. We say this is impossible in general in case 


of bistructures so even in case of neutrosophic biloops. 
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We illustrate this by the following example. 


Example 4.2.9: Let B = ((L17(3) U I) U By) where Bz = (g | g°= 
1) be a finite neutrosophic biloop of order 42. Clearly 7/42 but 
B has no element x such that x’ = 1 or no element y such that y’ 
= I, for every element in (L17(3) U I) is such that x’ =lor (xl) 
= I and of course B, is a cyclic group of order 6 so every 
element in Bz is of order 2 or 3 only. 

Hence the claim. That is we redo the definition and call a 
finite neutrosophic biloop to be Cauchy as Cauchy condition is 
not true in case of biloop. 


Now we have already talked about Sylow property for the new 
class of neutrosophic loops. We will define and discuss about 
Sylow property in case of finite neutrosophic biloop. Before this 
we will define a new class of neutrosophic loops. 


DEFINITION 4.2.5: Let B = (B; U Bo, *), *)) be a neutrosophic 
biloop. We say B is a new class of neutrosophic biloops if 
B, € (L, UI) and Bz is any group. i.e. B = ((L,(m) UD UB, *), 
*), 


Now we proceed on to define Sylow structure on the 
neutrosophic biloops. 


DEFINITION 4.2.6: Let (B = B; UB: *), *)) be a neutrosophic 
biloop of finite order. Let p be a prime such that p* / 0((B)) and 
p*' X o(B). If B = By, U Bz has a neutrosophic subbiloop 
P of order p* then we call P the p-Sylow neutrosophic subbiloop 
of B. 

If (B = B, U By, *, *) has atleast one p-Sylow 
neutrosophic subbiloop then we call B a weakly Sylow 
neutrosophic biloop. If B has no p-Sylow  neutrosophic 
subbiloop then we call B a Sylow free neutrosophic biloop. 

If for every prime p such that p* / 0(B, U By) and p*"' x 
0(B; UB) we have a p-Sylow neutrosophic subbiloop then we 
call (B = B; UB, *), *2) to be a Sylow-neutrosophic biloop. 
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We first give some examples before we proceed to prove some 
of its properties. 


Example 4.2.10: Let (B = B, U By, *;, *2) be a neutrosophic 
biloop where B; = (L;(4) U I) and B, = (g | g* = 1). Clearly o(B) 
= 20. Now 27/20 and 2° X 20. Also 5/20 and 5* X 20. 

This neutrosophic biloop has no 2-Sylow neutrosophic 
subbiloop but has a 5-Sylow neutrosophic subbiloop given by P 
= (P; U Py, *), *2) where P, = {el, e, 3, 31}; Po = {1}. 

Thus B is only a weakly Sylow neutrosophic biloop. 


We have the following interesting observations. We see all 
Sylow neutrosophic biloops are weakly Sylow neutrosophic 
biloop. Clearly a weakly Sylow neutrosophic biloop is not a 
Sylow neutrosophic biloop. 

Now we also prove we have a non trivial class of Sylow 
free neutrosophic biloops. 


Example 4.2.11: Let ((B U IT) = By; U By, *), *2) be a finite 
neutrosophic biloop where B; = (Lo(8) U I) and Bz = {S3}, the 
symmetric group of degree 3. o(B) = 26, 2 / 26 and 2” X 26 also 
13/26 but 13” X 26. B has no 2-Sylow neutrosophic subloop or 


13-Sylow neutrosophic subloop. Thus B is a Sylow free 
neutrosophic biloop. 


We define neutrosophic Moufang biloop, neutrosophic Bol 
biloop, neutrosophic Bruck biloop, neutrosophic WIP-biloop 
and so on. 


DEFINITION 4.2.7: Let (B = B; UB: *), *,) be a neutrosophic 
biloop. We say B is a neutrosophic Moufang biloop if B for all 
proper subsets (P = P; UP», *), *:) where P is a neutrosophic 
subbiloop of B in which P; is a proper neutrosophic Moufang 
subloop of By. 


Thus we do not demand the whole neutrosophic loop to satisfy 


the Moufang identity but every neutrosophic subloop satisfies 
the Moufang identity for we can have several such neutrosophic 
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biloop by varying the subgroups. We have a class of 
neutrosophic biloops to satisfy the Moufang identity. 


Example 4.2.12: Let (B = (B; U B:), *), *2) be a neutrosophic 
biloop where B; = (L;(3) U I) and Bz = Ag, B is a neutrosophic 
Moufang biloop. 

For take any neutrosophic subloop of (L;(3) U I). It will be 
of the form (e, el, 31, 3). It is easily verified (e, el, 3, 31) 
satisfies the Moufang identify. 
Thus (P = P, U Po, * i, *)) where 


Py 


fae fl 2cae A\ (le Sa 
: [Dae Aves Ta-3 


is clearly a neutrosophic subbiloop. 


{e, el, 31, 3} and 


So B is a Moufang neutrosophic biloop. Thus we have the 
following interesting result. We saw the new class of 
neutrosophic loops was not Moufang but by defining Moufang 
neutrosophic biloop we see this new class of neutrosophic 
biloops (L, U I) are Moufang provided n is a prime. 


THEOREM 4.2.5: Let (B = (B; UB»), *), *2) be the new class 
neutrosophic biloops B is a neutrosophic Moufang biloop if B, 
€ (L, UD) where n is a prime and B> any group. 


Proof: Given B = (B; U Bz), *1, *2) is a neutrosophic biloop 
from the new class of neutrosophic biloops i.e. By € (Ln U I). 
To show if n is a prime B is a Moufang neutrosophic biloop. 

We know if n is a prime then every loop in the class of 
loops (L, U I) has only 2 types of neutrosophic subbiloop (1) 
the whole neutrosophic loop L,(m) (2) {e, el, tl, t} where 1 <t< 
na neutrosophic subloop of order 4 and it has no other subloop. 

We have just proved all neutrosophic loops given by the 
following table. 


141 


elie ek ete |etL 
eer Jee [el ets ae 


pee if ee [ete 


satisfies the Moufang identity. Hence {B = (B; U By), *1, *2} 
where B,; = (L,(m) U I) € (L, U I) is a neutrosophic Moufang 
biloop whatever be B2, we show n is a prime is essential for n is 
a prime we show the neutrosophic biloop is not Moufang for the 
neutrosophic loop (Li(m) UV I) (n-not a prime) may have 
neutrosophic subloops which do not satisfy the Moufang 
identity. 


We illustrate this by the following example. 


Example 4.2.13: Take (B = (B, U B,), * i, *)) where B, = (Lis 
(2) UT) and Bp = (Ax). B is a neutrosophic biloop. Take P = (P, 
U Py, *1, *2) where P; = {e, 2, 5, 8, 11, 14, el, 21, 51, 81, 11, 
141}; P; is anot Moufang subloop given by the table. 


| fe | 215] 8 [11] 14] ef | ai | Sr | i [iit iar 
pe fe | 2] 5] 8 [11] 14] ef | 21 | St | 81 [ii iar 
}2[2]e {8 [14] 5 [it] 2 | el | 81 [141] 51 [iit 
5 [5 {14} ec [it] 2 | 8 | si [it] ef {1it] 21 | 81 
| 8 [8 |i] 2 | © [14] 5 | st iii] 21 | ef [141] 51 
pli {ii} 8 [14] 5 [ e | 2 [iit] gt [at] 51 | ef | 21 | 
}14 [14] 5 [ii] 2 [8 | ot [i4t] Sr [ii] 21 | 81 | ef | 


For take in the identity (xy) (zx) = (x(yz)) x 
x=2 y=5 andz=8 
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Now (xy) (zx) = (25) (82) = 8.11 = 14. 


(x(yz))x = (2(58))2 
(:11)2 
= §2=14 


satisfies Moufang identity. 


Now in the identity 


(xy) (zx) = (z (yz)) x 
take x = 8, y = 14 andz =2. 


Now 
(xy) (zx) = (8.14) (2.8) 
= 5.14=8. 
(x(yz))x = [8 (14.2)].8 
=  (8.5).8 
= 2.8 
= 14, 


Thus (xy)(zx) # (x(yz)) x, when x = 8, y = 14 and z = 2. So this 
neutrosophic subloop is not a neutrosophic Moufang subloop. 
Hence by taking {T = T, U To, *), *2} where T, = P; and P, = 


123 4 123 4 ; 
4 we see T is not a 
{(: 1 4 f 2 3 ‘| 


neutrosophic Moufang subbiloop. So {(L;5(2) U I) U Ag} is not 
a neutrosophic Moufang biloop as it has neutrosophic subbiloop 
which are not Moufang. 


Now we proceed on to define the notion of neutrosophic Bol 
biloop. 


DEFINITION 4.2.8: Let (B = B; UB:, *), *,) be a neutrosophic 
biloop, we say B is a neutrosophic Bol biloop if every proper 
subset P = (P; U P2, *), *) of B which is a neutrosophic 
subbiloop of B is such that (P;, *;) is a Bol loop. i.e. every 
proper neutrosophic subloop of the neutrosophic loop (B;, *)) 
must be a Bol loop. 


143 


Example 4.2.14: Let B = {B, U Bs, *), *2} be a neutrosophic 
biloop where B, = (L;(3) U I) and B, = A3. B; is a neutrosophic 
Bol biloop. For the proper neutrosophic subloops of (Ls(3) U I) 
are only of the form {e, el, t, tI} given by the table. 


| fe | el| t | tt 
fe |e [el| t | | 


pt | t [ae | el] 


It is easily verified the neutrosophic subloop satisfies the Bol 
identity. Thus we have the following interesting theorem. 


THEOREM 4.2.6: Let (B = B; U B:, *), *)) be a neutrosophic 
biloop from the new class of neutrosophic biloops i.e. (By; € (Ly 
UT)), B is a Bol neutrosophic biloop when n is a prime. 


Proof: Given (B = B; U Bu, *\, *2) is a neutrosophic biloop from 
the new class of neutrosophic biloops. So B; € (Ly, U I)) and By 
is any group. 

It is given n is a prime. Let B; = (L,(m) U I) where n is a 
prime say p. When n is a prime the only neutrosophic subloops 
of (L,(m) U I) are (L,(m) U I) and neutrosophic subloops of 
order 4 given by P; = {e, el, t, tl}, 1 < t < n; P; given by the 
table. 


= fe tel otc 
Fe [e lel|t | tl 


ft {[t {dle |e | 


Now we have to verify the neutrosophic subloops {e, el, t, tI} 
satisfies the Bol identity ((xy)z)y = (x ((yz)y) for x, y, z, € fe, 
el, t, tl}. Clearly Bol identity is satisfied by {e, el, t, tI}. So 
when n is a prime ((L,(m) U I) U Bz») is a neutrosophic Bol 
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biloop when n is not a prime we will show (L,(m) U I) need not 
have all of its neutrosophic subloops to satisfy Bol identity. 


We illustrate this by the following example. 


Example 4.2.15: Let B = (B; U By, *), *2) be a neutrosophic 
biloop where B, = (Lj;(2) U I), n 1s not a prime n= 15. To show 
all its neutrosophic subloops are not Bol neutrosophic loops. 
Consider a neutrosophic subloop given by P, = {e, 1, 4, 7, 

10, 13, el, 1.1, 41, 71, 101, 131}. Let P2 be a subgroup of B. To 
prove B is not a Bol neutrosophic biloop, it is sufficient if we 
show B, = (Ljs5(2) U I) has a neutrosophic subloop which does 
not satisfy the Bol identity ((xy)z) y = (z ((yz)y) Let x = 7, y = 
10 and z= 13. 
[(xy)zly = [(7.10)13] 10 

=  {[2x 10-—1.7] Gmod 15)] 13} 10 

= (13.13) .10=e.10 = 10. 


x[(yz)y] = 7 [(10.13).10] 
=  7{[(2 x 13 — 1.10) mod 15]. 10} 
= 7{1.0} =7[{2 x 10-1} (mod 15)] 
= 7.4(4x 2-17) (mod 15) = 1. 


Since the neutrosophic subloop is not Bol we see (P = P; U Po, 
*), *,) does not satisfy the Bol identity so (B = B; U Ba, *1), *2) 
= ((L}5(2) U I) U By, *), *2) is not a neutrosophic Bol loop. 

Now we proceed on to define the notion of neutrosophic 
alternative biloops. 


DEFINITION 4.2.9: Let B = (B; U Bo, *), *) be a neutrosophic 
biloop. B is said to be a neutrosophic right (left) alternative 
biloop if every proper neutrosophic subbiloop of B is 
neutrosophic right (left) alternative biloop of B. 


Example 4.2.16: Let (B = B; U By, *), *2) be a neutrosophic 
biloop where B, = (L5(3) U I) and By any group. Any 
neutrosophic subloop of B, = (L;(3) U I) satisfies the right (left) 
alternative identity. For the only type of neutrosophic subloops 
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are P, = {e, el, t, tI}; 1 <t <5. Clearly P, satisfies the right (left) 
alternative identity. So B = (B, U By, *), *2) is a neutrosophic 
right (left) alternative biloop. 


We prove the following theorem. 


THEOREM 4.2.7: Let (B = B; U Bo, *), *)) be a neutrosophic 
biloop where B; € (L, UI). B is a neutrosophic right (left) 
alternative biloop only when n is a prime. 


Proof: Given (B = B; U By, *;, *2) is a neutrosophic biloop 
taken from the new class of neutrosophic biloops i.e. By € (La U 
I). It is assumed from the theorem that n is a prime. To show B; 
is a neutrosophic right (left) alternative loop. Since when n is 
prime the only subloops of (La(m) U I) € (La U J) are the 
neutrosophic subloops of order 4 and the loop (L,(m) U I). The 
subloops take only the form {e, el, t, tI} so every neutrosophic 
subbiloop of B = (B, U Bz) are (left) right alternative. Hence the 
claim. 

It is important mention if n is not a prime B = (B; U Bp) 
where B, = (L,(m) U I), when m = 2 we get the right alternative 
neutrosophic biloop (L,(2) U I),. If m = n — 1 then we get the 
left alternative neutrosophic biloop as the loops of (L,(2) U I) 
and (L,(n— 1) U I), are right and left alternative respectively. 


We prove this by the following example. 


Example 4.2.17: Let (B = By; U By, *), *2) be a neutrosophic 
biloop where B,; = (La;(8) U I); n = 45 a non prime and Bz is 
any group. We will show a neutrosophic subbiloop of B, which 
does not satisfy right (left) alternative identity. 

Take P = (P; U Po, *1, *2) where P; = {e, 1, 6, 11, 16, 21, 26, 
31, 36, 41, el, 1.1, 61, 111, 161, 211, 261, 311, 361 and 411} and P, 
any subgroup of B. Clearly P; is a neutrosophic subloop of 
L4;(8). 

Consider the identity (xy) y = x (yy). Take x = 16 and y = 
4] 
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(x y)y 


x (yy) 


[16.41] 41 

[(41 x 8 — 16 x 7) (mod 45)] 41 
36.41 =(41 x 8 — 36 x 7) (mod 45) 
31. 

16 (41.41) = l6e 

16. 


So x(yy) # (xy)y hence (P = P; U P,) does not satisfy the right 
alternative identity. Thus ((L,(m) U TD U By, *), *) is not a 
neutrosophic right alternative biloop. Take the left alternative 


identity. 


(xx)y 


= = 
y 
(xx)y = 


x(xy) = 


x (xy) 

16 

41 

(16.16) 41 

Al, 

16 (16.41) 

16 [[41 x 8— 16 x 7] (mod 45)] 
16 [36] 

36 x 8-16x7 

Al, 


So this set satisfies the left alternative identity. Take x = 36 


and y =6 


(xx)y 
x (xy) = 


(36.36).6 = 6(mod 45) 

36 (36.6) (mod 45) 

36 [6x 8 — 36 x 7] (mod 45) 
36.21 (mod 45) 

21 x 8-36 x 7 (mod 45) 

6 (mod 45). 


satisfies left alternative identity. 


Thus the neutrosophic biloop {(L45(8) U I) U Bo} is not a 
neutrosophic right alternative biloop. The reader is advised to 
check whether the biloop is left alternative. 
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How ever we show that we have a class of neutrosophic left 
alternative biloops and neutrosophic right alternative biloops 
even when n is not a prime. 


THEOREM 4.2.8: Let (B = B; UB), *), *,) be a neutrosophic 
biloop. If B; = (L,(n — 1) UIT) and B2 any group (n > 3 any odd 
number) B is always a neutrosophic left alternative biloop. 


Proof: By = (Lp(a — 1) UT) (n > 3, n any odd) is always a left 
alternative neutrosophic loop is the new class of neutrosophic 
loop of (L, U I). So all neutrosophic subloops of L,(n — 1) are 
left alternative. Hence every proper neutrosophic subbiloop of 
(Lian -— 1) U TD U By, *1, *2) for any group B, = G is left 
alternative. Thus ((L,(n — 1) U I) U Bz) is a neutrosophic left 
alternative biloop. Hence the claim. 


THEOREM 4.2.9: Let (B = B; UB: *), *)) be a neutrosophic 
biloop where B; = (L,(22) UI) € (L, U I) is always a 
neutrosophic right alternative biloop for all n (n > 3 and nan 
odd number) and B> any group. 


Proof: Given (B = B, U By, *\, *2) is a neutrosophic biloop with 
B, = (L,(2) U D (n> 3 and n an odd number). We know (L,(2) 
U I) is a neutrosophic right alternative loop. So all its 
neutrosophic subloops are also right alternative. Thus every 
proper neutrosophic subbiloop of ({L,(2) U I U By) is a 
neutrosophic right alternative subbiloop. Hence ((L,(2) U I) U 
B2) is a neutrosophic right alternative biloop. 


Now we proceed on to define neutrosophic normal subbiloop of 
a neutrosophic biloop. 


DEFINITION 4.2.10: Let (B = B; U/ Bo, *;, *:) be a neutrosophic 
biloop. A neutrosophic subbiloop H = (H, U H2, *), *2) is said 
to be a neutrosophic normal subbiloop of B if 


i. x H, =H,x 
ii, (HX) y = Hy (xy) 
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iii. y (x Hy) = (vx) H, for all x, y € B; 
iv. A, is anormal subgroup of B. 


We call a neutrosophic biloop to be a simple neutrosophic 
biloop if it has no nontrivial neutrosophic normal subbiloops. 


We now give an example of a neutrosophic biloop. 


Example 4.2.18: Let (B = B; U By, *), *2) be a neutrosophic 
biloop where B; = (L;;(2) U I) and By = As. (The alternating 
subgroup of the symmetric group of Ss). B has no neutrosophic 
normal subloop. So B = B; U Bz is a simple neutrosophic biloop. 


Now it may happen that one of the neutrosophic loop or the 
group has normal subloop or normal subgroup. How to 
differentiate this for this we define the notion of seminormal 
and semisimple. 


DEFINITION 4.2.11: Let (B = B; U/ Bz, *;, *:) be a neutrosophic 
biloop if only one of the neutrosophic loop or the group is 
simple then we call the neutrosophic biloop to be a semi-simple 
neutrosophic biloop. 


Here it is important to note that the term ‘or’ is used in the 
mutually exclusive sense. 
Now we give an example of the same. 


Example 4.2.19: Let B = (B, U By, *;, *2) be a neutrosophic 
biloop. Suppose B,; = (L7(3) U I) is simple and B, = S, (n = 5) 
the symmetric group of degree n then B is a neutrosophic 
semisimple biloop and the neutrosophic subbiloop P = P, U P» 
where P; = {e, el, t, tl} U {A,} is a neutrosophic seminormal 
biloop of B (n= 5). 


Now proceed on to define the notion of strong neutrosophic 
biloop. 
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DEFINITION 4.2.12: Let (B = B; U Bo, *), *) be non empty set 
with two binary operations. B is said to be strong neutrosophic 
biloop. 


i. B=B, UB) is a union of proper subsets of B. 
ii. (B,, *;) is a neutrosophic loop. 
iii. (Bz, *,) is a neutrosophic group. 


Now we Just illustrate this by the following example. 


Example 4.2.20: Let (B = B, U By, *), *2) where B; = (L;(2) U 
I) is a neutrosophic loop and B, = {1, 2, 3, 4, I, 21, 31, 41} under 
multiplication modulo 5 is a neutrosophic group. Thus B is a 
strong neutrosophic biloop. 

All strong neutrosophic biloops are neutrosophic biloops 
but clearly a neutrosophic biloop in general is not a strong 
neutrosophic biloop. 

All results derived and definitions given in case of 
neutrosophic biloops can be derived with appropriate 
modification. Thus we don’t derive or define any of them but 
leave it as an exercise for the reader to prove. 


Now we define a neutrosophic biloop of type II as follows. 


DEFINITION 4.2.13: Let B = (B; UB, *), *) be a proper set on 
which is defined two binary operations *; and *>. We call B a 
neutrosophic biloop of type II if the following conditions are 
satisfied 


i. B=B, UB, where B, and B; are proper subsets of B. 
ii. (B,, *,) is a neutrosophic loop. 


iii. (B, *>) is a loop. 


(Clearly we call a neutrosophic biloop of type I is one in which 
B, is a neutrosophic loop and B) is a group). 


Now type II neutrosophic biloop enjoy some more extra 
properties. First we give some examples. 
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Examples 4.2.21: Let B = (B, U By, *), *2) where B; = (L,(3) U 
I) and B, = L;(2) then B is a neutrosophic biloop of type II. All 
properties defined in case of neutrosophic biloops of type I can 
be easily extended to type II neutrosophic biloops. 


Now we define a new class of neutrosophic biloops of type II as 
follows. 


DEFINITION 4.2.14: Let B = (B; UB, *), *)) be a neutrosophic 
biloop of type II. We say B is a new class of neutrosophic biloop 
of type IT if (By, *1) = Ln(m) UT) i.e. By € (L, UD) and (Bo, *) 
= (ed 


Note: It is very important to note that n # n, for if n = n, then 
the sets B; and B» will not be proper subsets of B. These new 
class of neutrosophic biloops of type II enjoy several properties. 

So we mention some of the properties enjoyed only by this 
new class of neutrosophic biloops of type II. The definitions 
given for type I neutrosophic biloop hold good with simple 
modifications. 


THEOREM 4.2.10: The new class of neutrosophic biloops of 
type II are simple neutrosophic biloops. 


Proof: Given (B = B, U By, *), *2) 1s a new class of 
neutrosophic biloop of type I i.e. B; e (Ln UI) and By € L,,. 


(n # nj). We know all loops in L, are simple. Also we have 


proved all neutrosophic loops in (L, U I) are simple i.e. they 
have no nontrivial normal subloops. Thus B is a simple 
neutrosophic biloop of type II. 


THEOREM 4.2.11: The order of all neutrosophic biloops of type 
II are of even order. 


Proof: Given (B = B, U By, *), *2) is a neutrosophic biloop of 
type IT so By = (L,(m) VU I)) = 2 (n +1) (where n+ 1 is even) and 
o(L,,) =n + 1 and n; + 1 is even. Thus o(B) = 2(n + 1) +n) 4 
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1 = even number + even number = a even number. Hence the 
claim. 


THEOREM 4.2.12: Let (B = B; U Bo, *), *:) be a new class of 
neutrosophic biloops of type II. If B; = (L,(2) U I) and By = 
L,, (2) then B is a right alternative neutrosophic biloop of type 


II (n #nj). 


Proof: Clearly B, = (L,(2) U JI) is a right alternative 
neutrosophic loop and B = L,, (2) is a right alternative loop so 


B is a neutrosophic biloop of type II (n # nj). 


THEOREM 4.2.13: Let (B = B; UB: *), *:) where B; = (L,(n — 
1) UT) and B> = (L,(n — 1)) are left alternative neutrosophic 
loop and left alternative loop. Then B is a left alternative 
neutrosophic biloop of type II. 


Proof: Clearly B = (L,(n—- 1) UT) U L, (a1 — 1), *1, *2) 18 a left 


alternative neutrosophic biloop of type I by the fact both (L,(n 
—1)UTand L, (n; — 1) satisfy left alternative identity (n ¥ nj). 


Several other properties enjoyed by these classes of 
neutrosophic biloops can be derived. This task is left for the 
reader. 


4.3 Neutrosophic N-loop 


Now we proceed onto define the notion of N-loop where N > 2 
when N = 2 we get the biloop. In this section we introduce 
several new definitions and new properties, enjoyed by the 
neutrosophic N-loop. 


DEFINITION 4.3.1: Let S(B) = {S(B)) U ... U S(By), *)..., *nf 


be a non empty neutrosophic set with N binary operations. S(B) 
is a neutrosophic N-loop if S(B) = S(B)) U... US(By), S(B;) are 
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proper subsets of S(B) for 1 <i <.N) and some of S(B;) are 
neutrosophic loops and some of the S(B;) are groups. 

The order of the neutrosophic N-loop is the number of 
elements in S(B). If the number of elements in S(B) is in finite 
then we say S(B) is an infinite neutrosophic N-loop of infinite 
order. Thus even if one of the S(B;) is infinite we see the 
neutrosophic N-loop S(B) is infinite. 


Example 4.3.1: Let S(B) = {S(B,) U S(B,) U S(B3) U S(B,), *1, 
*,, *3, *4} be a neutrosophic 4-loop, where S(B,) = {(Ls(3) U 
T)}, S(B2) = {Sa}, S(B3) = {(Li7(8) U DT} and S(B4) = {Q \ {0}; 
group under multiplication}. Clearly S(B) is a neutrosophic 4 
loop of infinite order since o(S(B,4)) = ©. 


Example 4.3.2: Let S(B) = {S(B,) U S(B2) U S(B3), *1, *2, *3} 
where S(B,) = {(Ls(3) U 1)}, S(B2) = {g | g'? = 1} and S(Bs) = 
S3. S(B) is a neutrosophic 3-loop and o(S(B)) = 30. 


Now we just define the substructure of the neutrosophic N-loop. 


DEFINITION 4.3.2: Let S(B) = {S(B)) US(B2) VU... US(By), *, 

wy) “vf be a neutrosophic N-loop. A proper subset (P, *), ..., *y) 

of S(B) is said to be a neutrosophic sub N loop of S (B) if P itself 
is a neutrosophic N-loop under the operations of S (B). 


Note: It is interesting and important to note that (P, *;) need not 
have any structure. This is evident from the following example. 


Example 4.3.3: Let S(B) = {S(B, U S(B2) U S(B3), *1, *, *3} 
where S(B1) = {(Ls(3) U I}, S(B2) = (g | g'” = 1) and S(Bs) = Ss, 
is a neutrosophic 3-loop. Take 


gh ies. 3 12 3 
P= {e, el, 2, 21, 1, g’, ere ae }, 


P is a neutrosophic sub 3-loop but (P, *;) or (P, *2) or (P, *3) do 
not have any algebraic structure. They are not even closed under 
these binary operations. But P= (P; U P2 U Ps, *1, *2, *3) where 
P, = {e, el, 2, 21}, P) = {1, g°} and 
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se 28 
ai 2 ae 1 3) 


is aneutrosophic sub 3-loop of S(B). 
In view of this we give the following theorem. 


THEOREM 4.3.1: Let S(B) = {S(B)) US(B2) VU... US(By), *1, *2, 
* 4, *x¢ be a neutrosophic N-loop. Let (P, *), ..., *y) be a 
proper subset of S(B), P is a neutrosophic sub N-loop of S(B) if 
and only if P; = P 7 S(B), i =I, 2, .., Nand P = P; UP, YU 
.. UPy and (P;, *;) is a substructure of (S(B)), *;) (i = 1, 2, ..., 
N). 


Proof: If (P;, *;) is a substructure of (S(B;), *;), clearly (P = Py U 
P, U... U Pn, *1, ..., *n) iS a neutrosophic sub N-loop of S(B). 
Conversely if given (P, *), ..., *n) 1s a sub-N-loop of S(B) then 
take P} = P 7 S(B;), we have P = (P; UP. U... U Py, *1, ..., *N) 
is given to be a neutrosophic sub N-loop, so each of (P;, *;) is 
either a neutrosophic loop or a group. Hence the claim. 


Next we can define neutrosophic N-loops of level II. 


DEFINITION 4.3.3: Let S(L) = {L; UL2 vu... UL, *), «.., *n} 
where 


i. L=L, vu... ULy is such that each L; is a proper 
subset of L, 1 <i <N. 
ii. Some of (L;, *;) are a Neutrosophic loops. 
iii. Some of (L;, *;) are just loops. 
iv. Some of (Lx, *x) are groups and rest of 
v. (L, *) are neutrosophic groups. 
Then we call L=L; UL, UU... UL, *), ..., *xf to be a 


neutrosophic N-loop of level II. 


The interested reader can analyze the relation between the 
neutrosophic N-loops and neutrosophic N-loops of level II. 
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Now what all we define for neutrosophic N-loops will be 
carried out to neutrosophic N-loops of level II with appropriate 
modifications. 


DEFINITION 4.3.4: Let (L = L,; UL) vu... ULy, *), * «.., *nf 
be a neutrosophic N-loop of finite order. Suppose P is a proper 
subset of L, which is a neutrosophic sub N-loop. If o(P) / o(L) 
then we call P a Lagrange neutrosophic sub N-loop. If every 
neutrosophic sub N-loop is Lagrange then we call L to be a 
Lagrange neutrosophic N-loop. If L has atleast one Lagrange 
neutrosophic sub N-loop then we call L to be a weakly 
Lagrange neutrosophic N-loop. If L has no Lagrange 
neutrosophic sub N-loop then we call L to be a Lagrange free 
neutrosophic N-loop. 


Now we know as in case of other algebraic structures every 
Lagrange neutrosophic N-loop is weakly Lagrange neutrosophic 
N-loop. 


Now we proceed on to give some examples of them. 


Example 4.3.4: Let L = (Lh) U ly U Ls, *1, *2, *3) be a 
neutrosophic 3 loop. Ly = {(Ls(3) U D, *:}, Lo = (g | g* = e) and 
L3 = {Dy i.e. a, b € Doe with a’ =b°=1 andbab= at. o(L) = 
28. Take {P =P,;UP2,U P3, * *,, * where 
P, = {e, el, 2, 21}, Po = {o°, 1} and 

P; = {b, b’, b’, b*, b°, b° = 1} is a neutrosophic sub-3 loop of L, 
o(P) = 12, o(P) X o(L) ie. 12 X 28 so P is not a Lagrange 
neutrosophic sub 3-loop of L. 

Take {T =T,UT,UT;3, are *,, *,t where T,= {e, el, 3, 31}, 
T> = fe, g, g°, g°} and T; = {1, b, b’, b’, b’, b°} is a neutrosophic 
sub 3-loop. o(T) = 14, o(T) / o(L) so T is a Lagrange 
neutrosophic sub 3-loop of L. Thus L is only a weakly Lagrange 
neutrosophic 3-loop. 


Example 4.3.5: Let L= (L; U L, U L;, U La, Hs *,, * 3. *4) bea 


neutrosophic 4-loop of finite order; where L, = {(L; (2), UI )}, 
Ly = {D24| a =b' = 1, bab=al, La= {S83} and L,={2| 2° = 
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e}, o(L) = 36. Take P = {P; U P, U P; U Py, ae *,, *,. *,h 
where P; = fe, el, 4, 41}, P2 = {1 a}, 


12 3 1 2 3 1 62,3 
P3= , ; and 
{( 2 ) i 3 [ 1 >} 


P, = {g°, g*, 9°, g°, 1}. o(P) = 14. o(P) X o(L). So P is not a 
Lagrange neutrosophic sub 4-loop. 

Take T= {T,; UT, UT3 U Ty *1, *2, *3, *4}, a proper subset 
of L where T; = {e, el, 3, 31}, 


walla 1 SbO 3 a} 


T> = {1, b, b’, b’} and Ty = {e, g°}. T is a Lagrange 
neutrosophic sub N-loop, o(T) / o(L) ie. 12/36. 


Thus L is only a weakly Lagrange neutrosophic N-loop. The 
following theorem establishes that there exists a non trivial class 
of Lagrange free neutrosophic N-loop. 


THEOREM 4.3.2: Let L = {L; UL. vu... UL, *), *2 «.., *nf to 
be a neutrosophic N-loop of finite order n, where n is a prime. 
Then L is a Lagrange free neutrosophic N-loop. 


Proof: Given L = {Li ULU... U LN, anes *,, weey*N} be a 
neutrosophic N-loop of order n, n a prime. Now whatever 
neutrosophic sub N-loop P exist we see o(P) X o(L) for any 
neutrosophic sub N-loop. Thus if o(L) is a prime; L is a 
Lagrange free neutrosophic N-loop. 


We illustrate this by an example. 


Example 4.3.6: Let L= (L; UlnU L;, U La, * *,, *,. *4), bea 
neutrosophic 4-loop where L; = {(Ls (3), U I)}, Lo = {g| g° =e}, 
L3 = {D5} and Lg = Ag, o(L) = 37 a prime. Now we see P = {P; 
U P> U P; U Py; * 1, *,, * 3 *,\ where P, = {e, el, 3, 31}, P, = L,, 
P; = {1, a} and 
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P= 123 4 12 3 4 12 3 4 
DS BA Sk OP a aoe 
is a neutrosophic sub 4-loop of L. o(P) = 12, (12, 37) = 1. Thus 


even if neutrosophic sub N-loop P exists clearly o(P) X o(L) as 
o(L) is a prime. Hence the claim. 


Now we can proceed on to define the notion of p-Sylow 
neutrosophic sub N-loop. 


DEFINITION 4.3.5: Let L = {L; UL? u....U Ly, *), *2,..., *xf be 
a neutrosophic N-loop of finite order. Let p be a prime if p® / 
o(L) and p™"' X o(L). If P = {P; UP) VU... UPx, *), ..., *y} be 
a neutrosophic sub N-loop of order p® then we call P a p-Sylow 
neutrosophic sub N-loop of L. If for every prime p such that p® / 
o(L) and p*"' X o(L) we have a p-Sylow neutrosophic sub N- 
loop then we call L a Sylow neutrosophic N-loop. If L has 
atleast one p-Sylow neutrosophic sub N-loop then we call L a 
weakly Sylow neutrosophic N-loop. If L has no p-Sylow 
neutrosophic sub N-loop then we call L to be a Sylow free 
neutrosophic N-loop. 


Clearly every Sylow neutrosophic N-loop is a weakly Sylow 
neutrosophic N-loop. It is left as an exercise for the reader to 
prove that all neutrosophic N-loops of order p, p a prime are 
Sylow free neutrosophic N-loops. 

We know when G is any finite group of order n we have for 
every divisor t of n we have an element x in G such that x'= 1. 


DEFINITION 4.3.6: Let {L =L,; UL? v...U Ly, *), *2, «..,*yf be 
a neutrosophic N-loop of finite order n. An element x e€ L is 
called a Cauchy element if x' = 1 and t/n. An element y € L is 
called a Cauchy neutrosophic element if y" = I and m/n. If t x 
n, x is called as anti Cauchy element. 

If m X n, y is called as an anti Cauchy neutrosophic 
element of L. We call a neutrosophic N-loop to be Cauchy if 
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every element is either a Cauchy element of L or a Cauchy 
neutrosophic element of L. 

If L has no Cauchy neutrosophic element and no Cauchy 
element then L is a Cauchy free neutrosophic N-loop. 


Example 4.3.7: Let L = (Lj U Ly U Ls, U La, *1, *2, *3, *4) 
where L, = {(Ls (3 UT) y}; L2 = (g| g* = 1), L3 = 83 and Ly = 
{D>4 =a, b, a = b’ = 1, bab = a} is a neutrosophic 4-loop of 
order 30, 2 / 30,4 X 30, 5/30, 6/30 and 3 / 30. Clearly L has 
Cauchy neutrosophic elements and Cauchy elements of order 2. 
ie. x € L, is such that x’ =eand xl e L, is such that (xl) =I, 
| ee as 


b © Ly is such that b* = 1 and 
23 1 


12 3\] (1 23 
(a }-la 
We have no Cauchy element or Cauchy neutrosophic element of 
order 5. Still we see L is not a Cauchy neutrosophic 4-loop for 
b= 1 and 4 X 30. Thus it is interesting to note that the Cauchy 
neutrosophic N-loops are different from usual Cauchy theorem 


for groups of finite order. Now we give an example of Cauchy 
free neutrosophic N-loop. 


€ L; is such that 


Example 4.3.8: Let L = (L; UlbnU L;, U La, ei *,, * *4) 
where L; = {(Ls (3 UJ))}, Lo = (g | g* = 1), Ls = {S3} and Ly = 
{Do4 | a, b € Dog; a =b'=1,bab= a} is a neutrosophic 4-loop 
of finite order, o(L) = 29. 

Now L has x € L; such that x? = e and xI € L; with (xl) =], 
Also g € Ly is such that g =e’, b € Dy, is such that bo St; 
Thus no element is a Cauchy element or a Cauchy neutrosophic 
element of L. Thus L is a Cauchy free neutrosophic 4-loop. 
Now we see all properties and results defined in case of 
neutrosophic N-groups can be easily extended to the case of 
neutrosophic N-loop. 


We make a fast recollection of the definitions of neutrosophic 
Moufang N-loops, neutrosophic Bol N-loops, neutrosophic 
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Bruck N-loops, neutrosophic WIP N-loops and neutrosophic 
alternative N-loops. 


DEFINITION 4.3.7: Let L = {L; VL vu... UL, *), *2, ...,*nf be 
a neutrosophic N-loop. L is said to be a Moufang neutrosophic 
N-loop if L satisfies any one of three identities 


i (XY) (2X) = (x (yz) x 
i. (xy) Zy=x (vy (y) 
iii. x (v (xz) = (xy) x) z 


for all x, y, z in L. A neutrosophic N-loop L is called a Bruck 
neutrosophic N-loop if (x (y x)) z = x (y (xz)) and (x yJ' = 
xy! forall x, y,z €L whenever x", y" exist. 

A neutrosophic N-loop L is called a Bol loop if ((xy)z)y = 
x((yz)y) for all z, x, y € L. A neutrosophic N-loop is right 
alternative if (xy)y = x(yy) for all x, y € L and left alternative if 
(xx) y = x (xy) for all x,y © L. L is said to be a neutrosophic 
alternative N-loop if L is both a neutrosophic left alternative N- 
loop and neutrosophic right alternative N-loop. 


A neutrosophic N-loop is said to be a weak inverse property 
WIP-N-loop if (xy) z = e implies x (y z) =e for all x, y,z e Lp e 
is the identity element of L. 


We just give examples of neutrosophic left alternative N-loops, 
neutrosophic right alternative N-loops and neutrosophic WIP- 
N-loops. 


Example 4.3.9: Let L = (L; U L, U L;, J La, * i, *,, *,. *4) 
where L; = {(Ls (4) UD}, Lo = {S3}, Ls = Do and La = {g | g”” 
=e'}. Clearly L is a neutrosophic left alternative N-loop. 


Example 4.3.10: Let L = (Li; UL, U Ls, U La U Ls, *4,..., *5} 
where L, = (Ly (2) U I), L,= (Li3 (2) U I), L3 = Ag, L4 = Do3 
and Ls = S83. L is a neutrosophic 5-loop which is a neutrosophic 
right alternative 5-loop. 
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The interested reader can take the task of proving L in the above 
example is a neutrosophic right alternative 5-loop. 


Example 4.3.11: Consider the neutrosophic N-loop, L = (L; U 
LU L3, U La, * 1, *,, *3. *4) with L, = (L7(3) U I) where L,(3) is 
given by the following table, 


L; (3) = fe, 1, 2, 3, 4, D5 6, 7; 


Now operation of elements in (L7(3) U I) = {e, 1, 2, 3, 4, 5, 6, 7, 
el, 1I, 21, 31, 41, 5I, 61, 71} is as follows. Now el. el = el 1] 11 = 
el, kl. kl=el, 1 <k <7 forr#s, rl. sl =(rs) I, rs € L, (3) and 
rs. € {1, 2, 3, 3, 4,5, 6, 7}. So (L7 (3) UD is a WIP loop. 

Take Ly = $3, L3 = and by Diy a ba BO TB 
=a} Clearly L is a WIP neutrosophic 4-loop of finite order. 


Now we proceed on to define neutrosophic normal sub N-loop 
of a neutrosophic N-loop. 


DEFINITION 4.3.8: Let L = {L; UL; vu... ULn, *1, *2, ...,*nf be 
a neutrosophic N-loop. A proper subset H of L is said to be a 
neutrosophic normal sub N-loop of L if the following conditions 
are satisfied. 


i. His a neutrosophic sub N-loop of L 
il. xH = Hx 

(Hx) y = H (xy) 

y (x)= (yy H 
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forallx,y EL. 
If the neutrosophic N-loop L has no trivial normal sub-N- 
loop, we call L to be a simple neutrosophic N-loop. 


We first give example of them. 


Example 4.3.12: Let L= (L; ULsU L;, U La, ee *,, * *4) bea 
neutrosophic 4-loop, where L; = (L7 (3) UI), Lo = 83, Ls = {g | 
g’ = 1} and Lg = {Aq}. L is a simple neutrosophic 4-loop, for L; 
is a simple neutrosophic loop as it has no normal subloops. 

Several other properties enjoyed by loops and N-loops can 
be by appropriate methods transformed and studied for 
neutrosophic N-loops. 


Now we proceed on to define the notion of strong neutrosophic 
N-loop. 


DEFINITION 4.3.9: Let {lL UD =L,; UL, VU... ULy, *), *2 05 
*\}, be a nonempty set with N-binary operations where 


i. LUD=L, VL2 Vv... ULy where each L; is a proper 
subset of (L UD); 1<i<N 
ii. (Li, *;) is a neutrosophic loop, at least for some i. 
iii. (L;, *;) is a neutrosophic group. 


Then we call {(L UI), *;, ..., *\f to be a strong neutrosophic N- 
loop. 


Now we give some examples to illustrate our definition. 


Example 4.3.13: Let {LUD =L; UL2 U Ls, *1, *, *3} where 
L, = (L;(2) U TI), Le = (L,(2) U PD) and L; = {1, 2, I, 21}. 
{{L U J)} is a strong neutrosophic 3-loop. 


Example 4.3.14: Let ((L UT) =L; UL) U Ls, *1, *o, *3} be a 


neutrosophic 3-loop where L, = (L;(3) U ID, L. = (L,(2) U I 
and L; =(Z UT). (LUD) is a strong neutrosophic 3-loop. 
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We say a strong neutrosophic N-loop is commutative if 
each (Li, *;) is a commutative structure. A strong neutrosophic 
N-loop is said to be finite if the number of elements in (L U I) = 
{L; Vln U... ULy, *1, ..., *n} has only a finite number of 
distinct elements, otherwise (L U I) is said to be an infinite 
neutrosophic N-loop. The above examples give both finite 
strong neutrosophic N-loops and an infinite strong neutrosophic 
N-loop. 


We now give an example of a commutative strong neutrosophic 
N-loop. 


Example 4.3.15: Let ((L UD =L; U Ln U Ls, *1, *, *3} where 
Ly = is GB) UD; Le = G4, 2,31, 28 3D and Ls SOD. 
Clearly (L U I) is a commutative neutrosophic 3-loop of finite 
order. 


Now we proceed on to define neutrosophic strong or strong 
neutrosophic sub N-loop. 


DEFINITION 4.3.10: Let {7 UD = £1; vl. Vv... UL; *), 0, 
*\} be a strong neutrosophic N-loop. Let P be a proper subset 
of (L UI). We say P is a strong neutrosophic sub N-loop of 
(L UD if (P, *), ..., *x) is a strong neutrosophic N-loop under 
the binary operations *), ..., *y.. 

The following are as a matter of routine. 


i. (P, *), .... *x) is not a loop or group under any of the 
operations *), ..., *y. 
ii. P=P, UP)VU... U Py where each P; is a proper 


subset of P; 1 <i<Nand P;=POL;, 1<i<N. (each 
P; is a neutrosophic subloop or a_neutrosophic 
subgroup) 


Otherwise P cannot in general be a strong neutrosophic sub N- 
loop of (L UT). 


We illustrate this by the following example. 
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Example 4.3.16: Let {((L UT) =L,; UL) U Ls, *1, *s, *3} be a 
strong neutrosophic 3 loop where L; = (L;(3) U I), Ls = 
(L15(7) U I), and L; = {1, 2, 3, 4, I, 21, 31, 41}. Take P = {e, el, 3, 
31, 14, 141, 1, 4, 41}. Clearly P c (L U J) but P is not closed 
under any of the 3 binary operations. 

Take P} = POL, = {e, el, 3, 31}, Px =P Aly = {e, el, a 
141} and P} = POL; = {1,1 4, 41}. (P= P) U Po U Py, *, *%, 

*;) is a neutrosophic 3-subloop. o((L U ID) = 30, o(P) = 12, OP) 

X o(L UD). 

Thus we are interested in characterizing those neutrosophic 
N-subloops whose order divides the order of the strong 
neutrosophic N-loop. 


To this end we make the following definition. Throughout this 
section we assume (L U J) to be a strong neutrosophic N-loop. 


DEFINITION 4.3.11: Let {(L VI) =L, UL? v... ULy, *1, *, « 

*\} be a strong neutrosophic N-loop of finite es ee: (P 
=P, UP, VU... U Pn, *, .., *x) be any proper subset of 
(L UI) such that P is a neutrosophic strong sub N-loop of 
(L UL). If o(P) / o(L UT) then we call P a Lagrange strong 
neutrosophic sub N-loop of (L UL). If every neutrosophic strong 
sub N-loop P of (L U I) divides the o((L VU I)) i.e. o(P) / 
o((L UL) then we call (L UL) itself to be a Lagrange strong 
neutrosophic N-loop. 

If L UI) has atleast one Lagrange strong neutrosophic sub 
N-loop we call (L U I) to be a weak Lagrange strong 
neutrosophic N-loop. If (L VU I) has no Lagrange strong 
neutrosophic sub N-loop then we call (L UI) to be a Lagrange 
free strong neutrosophic N-loop. 


Interrelations existing between these definitions can be obtained 
as a matter of routine. Now we illustrate this with some 


examples. 


Example 4.3.17: Let (LUD =L; ULn U Ls, *1, *2, *3} be a 
finite neutrosophic 3-loop, where L; = (L5(3) U ah L, = = (L;,(3) 
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UT) and L; = {(Z. U I) group under ‘+’ modulo 6}. Is (LUDa 
Lagrange strong neutrosophic loop? 


THEOREM 4.3.3: Let {(L VI) =L; UL? Vv... UL, *), «.., *yf 
be a strong neutrosophic N-loop of order n, n a prime. Then 
(L UD)is a Lagrange free strong neutrosophic N-loop. 


Proof: Given o((L U I)) =n, n a prime. So any proper subset P 
which is a neutrosophic strong N-subloop is such that (o(P), 
o((L VU I)) = 1 So no strong neutrosophic sub N-loop is 
Lagrange hence (L U J) is a Lagrange free strong neutrosophic 
N-loop. 

It is easily verified whatever be the number of neutrosophic 
sub N-loop in (L U J) still none of them can be a Lagrange 
neutrosophic sub N-loop. Hence the claim. 


On similar line’s we define Sylow neutrosophic N-loop and 
Cauchy neutrosophic N-loop. 


DEFINITION 4.3.12: Let {L UD =L; UL, vu... UL, *, «.., 
*\} be a strong neutrosophic N-loop of finite order. Let p be a 
prime such that p*/ o((L UL) and p™! X o((L UL). 

Suppose (L UI) has a neutrosophic strong N-subloop P of 
order p® then we call P to be a p-Sylow strong neutrosophic N- 
subloop. If for every prime p, such that p°/ o((L UL) and p*™" 
X o(L vu I), we have a p-Sylow neutrosophic strong N- 
subloop then we call (L UI) to be a Sylow strong neutrosophic 
N-loop. 

If UL) has atleast one p-Sylow strong neutrosophic N- 
subloop then we call (L UI) to be a weak Sylow strong 
neutrosophic N-loop. If (L U I) has no p-Sylow strong 
neutrosophic sub N-loop then we call (L UI) to be Sylow free 
strong neutrosophic N-loop. 


We have a class of Sylow free neutrosophic N-loop, for all 


neutrosophic N-loops of order n, n a prime are Sylow free 
neutrosophic N-loop. 
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Thus it may so happen that we may have a strong neutrosophic 
N-loop. (L U I) is of finite order it may still happen that (L u I) 
is a Sylow free strong neutrosophic N-loop. But if for every 
prime p, p*/ o((L U I)) and p**! X o(L U 1), we may have 
proper strong neutrosophic N-subloop of order p*"' (t > 1). 


To this end we define a new concept called pseudo Sylow 
neutrosophic N-loops. 


DEFINITION 4.3.13: Let {~ UD =L; UL2 v... ULy, *), «.., *yf 
be a neutrosophic strong N-loop of finite order. Let (L UI) be a 
Sylow free strong neutrosophic N-loop. We call a proper subset 
T = {T, UT UU Tn, *1,..., *vf of (L UD to be a pseudo p- 
Sylow strong neutrosophic sub N-loop of (L U/L) if for a prime p, 
py o(L UL) and p“' X o(L U 1) we have a strong 
neutrosophic sub N-loop of order p*™ (t = 1). 

If for every prime p we have a pseudo p-Sylow strong 
neutrosophic sub N-loop then we say (L UI) is a pseudo Sylow 
strong neutrosophic N-loop. If in a Sylow free strong 
neutrosophic N-loop (L UI), we have at least one pseudo p- 
Sylow strong neutrosophic sub N-loop then we call (L UI) a 
weak pseudo Sylow strong neutrosophic N-loop. 


Now we proceed on to define the notion of Cauchy element and 
Cauchy neutrosophic element of a neutrosophic N-loop (L U I). 


DEFINITION 4.3.14: Let {(L UD =L; UL? vu... UL, *), «.., *n} 
be a neutrosophic strong N-loop of finite order. If for x € (LU 
Iwe have x' = 1 and if t / o((L U1) then we call x to be a 
Cauchy element of (L UL). If every element x in (L UI) is a 
Cauchy element then we call (L VU I) a Cauchy strong 
neutrosophic N-loop. 

Lety € L UD ify =Landr/o((L UL) then we call y to 
be a neutrosophic Cauchy element of (L Vv I). If every 
neutrosophic element y € (L UI) is a neutrosophic Cauchy 
element of (L UI) then we call (L UI) to be a neutrosophic 
Cauchy strong neutrosophic N-loop. If (L UI) is both a Cauchy 
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strong neutrosophic N-loop and a_ neutrosophic Cauchy 
neutrosophic N-loop then we call (L UI) to be strong Cauchy 
strong neutrosophic N-loop. 


The reader is requested to illustrate this by an example. 

Now several interesting results can be derived, we make a 
mention that as classical Cauchy Theorem for finite groups is 
not true so only we have to define Cauchy element Cauchy 
neutrosophic elements of a neutrosophic N-loop (L U I). 

Now we just define when a neutrosophic N-loop is 
Moufang. On similar lines as a matter of routine one can define 
neutrosophic Bol N-loop, neutrosophic Bruck N-loop, 
neutrosophic WIP- N-loop and so on. 


DEFINITION 4.3.15: Let {(L VI) = L; UL, Uv... ULN, *), 
*\} be a neutrosophic strong N-loop. We say {(L UI) =L; UL 
U.. ULn, *), ., *yf is a Moufang neutrosophic N-loop if 
every proper subset P of (L UI) which is a neutrosophic strong 
sub N-loop satisfies the Moufang identity. We do not demand 
the totality of the neutrosophic strong N-loop to satisfy the 
Moufang identity. 


We just illustrate this by the following example. 


Example 4.3.18: Let (LUT) =L; UlLn U Ls, *1, *2,*3} be a 
neutrosophic N-loop where L; = (L; (3) UT), Loy = (Ls5(2) U D 
and L; = {1, 2, 3, 4, I, 21, 31, 41}, multiplication modulo 5. Now 
take any neutrosophic sub N-loop P of (L U J), P satisfies the 
Moufang identity. Thus (L U I) is a neutrosophic Moufang N- 
loop. Clearly every set of elements of (L U I) does not satisfy 
the Moufang identity. 

In the same way other neutrosophic N-loops which satisfy 
special identities are defined. 


DEFINITION 4.3.16: Let {Z~ UD) =L; UL, uv... ULy, *), «.., *yf 
be a neutrosophic N-loop. (L UI) is said to be neutrosophic 
strong Moufang N-loop if (L U I) satisfies any one of the 
following identities. 


166 


i (XY) (2X) = (x (yz) x 
i. (xy) y=x(y (zy) 
iii. xiv (xz) =(xy)x)zforallx, y,z €(L Ul) 


It is easily seen all neutrosophic strong Moufang N-loops are 
neutrosophic Moufang N-loops however the converse is not true. 

This is evident from the example given. 

Now on similar lines one can define neutrosophic strong 
WIP N-loop, neutrosophic strong left alternative N-loop, 
neutrosophic strong Bol N-loop and so on. We illustrate some 
of these by examples. 


Example 4.3.19: Let (LUD) =L,; Ln Uv... ULy, *1, «.., *n} 
be a neutrosophic N-loop. Take N = 3 and L; = {(L,(m) U D}, 
m*—m +1 =0 (mod n)} and L, = {0, 1, I, 1 + I} and L; = {1, 2, 
I, 21}. Clearly (L U I) is a neutrosophic strong WIP-N-loop. (L 
U I) is only a neutrosophic Bol N-loop. (L U I) is only a 
neutrosophic alternative N-loop. 


Example 4.3.20: Let (L UT) = {L; UlLn U Ls, *1, *, *3} where 
L, = {L, (2) U I), L,= {1, 25als 21} and L3 = (L91(2) U I). (L U I) 
is a neutrosophic strong right alternative N-loop. Clearly (L U I) 
is only a neutrosophic left alternative N-loop. Also (L U I) is a 
neutrosophic Moufang N-loop. 


Now we proceed on to give yet another example of a 
neutrosophic strong left alternative N-loop. 


Example 4.3.21: Let {(L U I) = L, U L, U L;, * i, *,, * where 
Li = {(L7 (6) UD}, Lo = {Lis 14) U D2} and L; = {0, 1, 2, 3, 4, 
I, 21, 31, 41}. Clearly (L U I) is a strong neutrosophic 3-loop 
which is a neutrosophic strong left alternative 3-loop. Is this a 
neutrosophic right alternative 3-loop? 


Now we define deficit sub N-loops. 


167 


DEFINITION 4.3.17: Let {(L UD =L; UL? vu... UL, *), «.., *nj, 
be a neutrosophic N-loop. Let P be a proper subset of (L UI) 
such that 


PHAP, O20 Pt yng * [IS tay S Nand 11k N} 
If P is a neutrosophic t-loop aes SF Leaf e Ni Tai, = Fan 
F = P 7 L)) then we call P a neutrosophic (N-t) deficit N- 
subloop of (L UT). 


Example 4.3.22: Let (L U I) = {L, U L, U L;, U Ly ee pene e 
*,} be a neutrosophic 4-loop where L; = (Ls (3) UT), Ls = Ss, L3 


= Ayand La = (g | g° = 1). 
Let 


12 3 12 3 123 4 1234 
P= e,el,2,2/, ; ; : 
12 3 2 153 123 4 214 3 


P is aneutrosophic (N — 2) deficit sub 4-loop (N = 4). Take 


123 4\)/1 23 4)\/1 23 4\/1 2 3 4 
T = 5e,el,4,4/, ; F 2 
i 2 3 ‘ [ 14 : [ 4 1 : F 3 2 ‘I 


T is a neutrosophic (N — 2) (N = 4) deficit sub 4-loop of (L U I). 


Having defined neutrosophic (N — r) deficit sub N-loops we 
define some more interesting properties. The (N — r) deficit sub 
N-loops can be defined for strong neutrosophic N-loops also. 


DEFINITION 4.3.18: Let {(L UD =L; UL; vu... ULy, *), «.., *n} 
be a neutrosophic N-loop of finite order. A neutrosophic (N — t) 
deficit sub N-loop P of (L U I) is said to be Lagrange 
neutrosophic (N — t) deficit sub N-loop if o(P) / o((L U I). If 
every neutrosophic (N — t) deficit sub N-loop of (L VU I) is 
Lagrange neutrosophic then we call (L UI) a Lagrange (N — t) 
deficit neutrosophic N-loop. If (L UI) has atleast one Lagrange 
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(N — t) deficit neutrosophic sub N-loop then we call (L UI) a 
weak Lagrange (N — t) deficit neutrosophic N-loop. 


DEFINITION 4.3.19: Let {LL UD =L; UL. vu... ULn, *, «.., 
*y be a_ finite neutrosophic N loop. Let P = 
{PU..UP |t<N,1 < ini, .., ip SNand P =POL, 1 
<q<N,1<r<t} bea Neutrosophic (N — t) deficit N-subloop of 


(L UT). 
If o( L, U L, Wires UL, ) = mand if p is a prime such that 


p’/ mand p*! X mand if o(P) = p® then we call P a p-Sylow 
neutrosophic (N — t) deficit N-subloop. (We do not have any 
relation with o(L UI). (p, o((L UI) = 1 or even oo 4 o((L 
UT). 

If for every prime p related with a (N — t) deficit sub N-loop 
we have an associated p-Sylow neutrosophic (N — t) deficit N- 
subloop we call the neutrosophic N-loop (L UI) to be a Sylow 
(N — t) deficit neutrosophic N-loop. We define (L UI) to be a 
weak Sylow (N — t) deficit neutrosophic N-loop if (L U I) has 
atleast one p-Sylow (N — t) deficit neutrosophic subloop for 1 <t 
<N. 


The above 2 definitions can be defined in case of strong 
neutrosophic N-loop with appropriate changes. We illustrate 
this by the following example. 


Example 4.3.23: Let (L UD =L); Un UL3 U La *1, *2, *3, 
*,} be a neutrosophic 3-loop of finite order, where L; = (Ls (3) 
UI), L) = Ay and L3 = G =(g| g’’ = 1). Clearly o((L UD) = 36. 
This can have only 2 deficit neutrosophic subloop. 

They can be 2-subloop of the form L; UL, Uo or Li Ub U 
Ls. o(L1 U Ln U 6) = 24 = (Li U 6 UL); 27 / 24 and 2* X 24, 3 
/24;3° X 24. 

Clearly (L U I) cannot be a Sylow (3 — 1) deficit 
neutrosophic 3-loop as (L U I) can have a 3-Sylow deficit 
neutrosophic sub 3-loop. To find whether (L U I) has a 2-Sylow 
deficit neutrosophic sub 3-loop. 
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Take B = {e, el, 2, 2I, 1, 2, 2°, 2”) CL,UOUL,. B isa 2- 
Sylow deficit neutrosophic sub 3-loop. 
Take 


123 4)f1 23 4)\)/1 23 4\/123 4 
A= se,el,2,21, ‘ ; A 
123 4/\2 14 3/\4 321 3 412 


A is also a 2-Sylow deficit neutrosophic sub 3-loop. 
We give yet another example. 


Example 4.3.24: Take (LUD = {L; UL2 UL3, U La *1, *, *3, 
*,) where L = (Ls (3) UD), Ln = G= Ag. Ly = (L7 (2) UD) and 
L, = (g | g° = 1 ). The (N-t) values are 3 or 2 i.e. the possible 
combinations are 8. 


C, = L,UL,UL3U0 

C, = LULVOVUL, 

C3 = L,U ) UL,UL, 

Cy = o Uln,UL; UL, 

Cs = L,U o U o UL4 

Ce = Lh lnUOUd 

Ci = odUL,UL;U 6 and 

Ce = obUVOULZ;UL, 
(Ci) = 40 o(C;) = 18 
o(C2) = 30 o(Ce¢) = 24 
o(C;) = 34 o(C;) = 28 
o(C,) = 34 o(Cs) = 22 


Cs has 11 Sylow but has no 2-Sylow (4 — 2) deficit sub 4-loop. 
Take P = {I, e, el, 2, 2I, 1, g, g, g°, g, gh; o(P) = 11 and 11 / 
o(Cs). 

The reader is expected to work for the p-Sylow (4 — t) 
deficit neutrosophic sub 4-loops. 

Also give an example of a strong neutrosophic 5 loop and 
find (5 — 2) deficit strong neutrosophic sub 5-loop. 
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Chapter Five 


NEUTROSOPHIC GROUPOIDS 
AND THEIR GENERALIZATIONS 


This chapter very briefly introduces in two sections the notion 
of neutrosophic groupoids and neutrosophic bigroupoids and 
neutrosophic N-groupoids. First section defines neutrosophic 
groupoids and enumerates some of its properties. Section two 
first introduces the notion of neutrosophic bigroupoids and 
suggests the reader to define several notions analogous to those 
done in case of neutrosophic biloops and neutrosophic 
bisemigroups. The later part of the section introduces the notion 
of neutrosophic N-groupoids and enumerates the analogous 
definitions to be defined by the reader. As groupoids are 
generalizations of both semigroups on one side and loops on 
other side it would not be difficult to construct new definitions 
as both these concepts are dealt elaborately in this book. 


5.1 Neutrosophic Groupoids 


In this section we first introduce the notion of neutrosophic 
groupoids. We also define some of their properties. It is left as a 
work of researcher to develop more results and properties. 
Problems related with them are proposed in the final chapter of 
this book. New notions like centre, direct product, conjugate 
pair are introduced. 
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DEFINITION 5.1.1: Let (G, *) be a groupoid. A neutrosophic 
groupoid is defined as a groupoid generated by {(G UI)} under 
the operation *. 


We give a few examples of neutrosophic groupoids. 


Example 5.1.1: Let G = {a, b, € Z; such that a * b = a+ 2b 
(mod 3)} be a groupoid. (G U I) = {0, 1, 2,1, 21+12+11+ 
21, 2 + 21, *} is a neutrosophic groupoid. For instance for | + 2I 
and 2+] in(G UPJ we have (1 + 21) *(2+D=1+21+4+4 21 
(mod 3) = 2 + I (mod 3). 


Example 5.1.2: Let ((Z* U I), *) be the set of positive integers 
with a binary operation * where a * b = 2a + 3b fora, b € (Z’ U 


I). 
For consider 
5 *(4* 1) = 5 * [8+ 3] 
= 5* 11 
= 10+ 33 =43. 
Now 
(5*4)*1 = (10+ 12)* 1 
= 22:1 
= 44+3=47. 


Clearly 5 * (4 * 1) #(5 * 4) * 1, so (Z,, *) is a groupoid. 


Consider (Z*U I, *) is a neutrosophic groupoid. Elements in Z* 
UI={at+bl/a,beZ’}. 


Now if2+51,7+1 e(Z’ UD; 
(2+5D*(7+1T = 2(2+51D)+3(7+D 


4+ 101+21+3I 
25+ 131. 


In general a *b#b*afora,b € Z.Now 


(74 D*(2+5D) = 2(7+D) +3245) 
= 14+21+6+101 


172 


= 20+ 121. 
Clearly (7 + I) * (2+ 51) #(2 +51) *(7+D. 


Now we define the order of a neutrosophic groupoid and the 
neutrosophic subgroupoid. 


DEFINITION 5.1.2: Let {(G UI) *} be a neutrosophic groupoid. 
The number of distinct elements in {(G U I), *} is called the 
order of the neutrosophic groupoid. If {(G UL), *} has infinite 
number of elements then we say the neutrosophic groupoid is 
infinite. If {(G UI), *} has only a finite number of elements then 
we say {(G UL), *} is a finite neutrosophic groupoid. 


The neutrosophic groupoid given in example 5.1.1 is finite 
where as the neutrosophic groupoid given in example 5.1.2 is 
infinite. 


DEFINITION 5.1.3: We say a neutrosophic groupoid {(G UI, 
*) is commutative if a * b = b *a for alla, b € (G Ul). 


DEFINITION 5.1.4: Let {(G UI), *} be a neutrosophic groupoid. 
A proper subset P of (G UI) is said to be a neutrosophic 
subgroupoid if (P, *) is a neutrosophic groupoid. (L, *) is a 
subgroupoid if L is a subgroupoid and has no neutrosophic 
elements in them. 


We illustrate this by the following example. 


Example 5.1.3: Let (Zio UT) = {0, 1, 2, 3, ...,9, I, 21, ..., 9L 1 
+J,2+I,...,9+ 99}; define * on (Zi) UI) by a * b = 3a + 2b 
(mod 10) for all a, b € (Zip UD). 


Let 
a = 2+5landb=7+31. 
a*b = [3 (2 +51) +2 (7 + 3D] (mod 10) 
= (6+ 151+ 14+ 6D (mod 10) 
I. 


173 


b*a 


[3 (7 + 31) +2 (2 + 5D] (mod 10) 
(21 + 91+ 4+ 101 (mod 10) 
4]. 


Thus {(G U I), *} is not a commutative neutrosophic groupoid 
but it is a finite neutrosophic groupoid. 

Take 
P 


(0,5)UD 

{5,51,05+5]} 

{5, 51, 0, 5 + 51} 

is a neutrosophic subgroupoid. L = (Zjo, *) is just a subgroupoid 
of (Zio U I). 

Thus in a neutrosophic groupoid we can define two 
substructures called subgroupoid and neutrosophic subgroupoid. 
Now we see in general in case of finite neutrosophic groupoids 
the order of neutrosophic subgroupoid or subgroupoid does not 
divide the order of the neutrosophic groupoid. 

We just record this important fact. If {(G U I), *} is a 
neutrosophic groupoid then it always has a proper subset which 
is a subgroupoid. 


We just illustrate this by the following example. 


Example 5.1.4: Let (Zs U T) = [0, 1, 2, 3, I, 21, 31, 1+ 21,1+1], 
1+ 3],2+1,2+21,2+31,3+1,3+21,3 +3]]. (Zs Ul) isa 
neutrosophic groupoid under the operation * where 


a*b = 2a + b (mod 4) Le. 

ifa=3+2I,b=1+42I1. 

a*b = [2 (3 +21) +(1 + 21)] (mod 4) 
(6+ 41+ 1 +21) (mod 4) 
3421. 


o((Z4 UI )) = 16. 

Let P = {0, 2, 2I, 2 + 21}, P is a neutrosophic subgroupoid 
and o(P) / o((Z4 UI )). {0, 2, 2 + 21} = T is a neutrosophic 
subgroupoid 0 (T) X 0 ((Z4 UI)). 

Thus based of these observations we make the following 
definitions. 
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DEFINITION 5.1.5: Let {(G Ul) *} be a finite neutrosophic 
groupoid. If (P, *) is a neutrosophic subgroupoid (subgroupoid) 
such that o(P) /o ((G UT) then we call P to be a Lagrange 
neutrosophic subgroupoid (subgroupoid). If every neutrosophic 
subgroupoid or subgroupoid is Lagrange then we call {(G Ul), 
*) to be a Lagrange neutrosophic groupoid. 

If {£(G Ul) *} has atleast one Lagrange subgroupoid or 
Lagrange neutrosophic subgroupoid then we call {(G UI), *} to 
be a weakly Lagrange neutrosophic groupoid. 

If {(G UT), *} has no Lagrange subgroupoid or Lagrange 
neutrosophic subgroupoid then we call {(G U I), *} to be a 
Lagrange free neutrosophic groupoid. 


We define the notion of Sylow and Cauchy neutrosophic 
groupoids. 


DEFINITION 5.1.6: Let {(G Ul) *} be a finite neutrosophic 
groupoid. An element x € (G UI) with x" = 1 is said to be a 
Cauchy element ifn / 0 ((G UTI). An element y € (G UT) 
with y" = I is said to be a neutrosophic Cauchy element if m / 
o((G UI). 

In a neutrosophic groupoid if every element which is such 
that x" = 1 is a Cauchy element and ify" =I, y € (G Ul )isa 
Cauchy neutrosophic element then we call (G U I) to be a 
Cauchy Neutrosophic groupoid. If (G VU I) has atleast some 
Cauchy neutrosophic element or Cauchy element then (G UI) is 
defined as a weak Cauchy Neutrosophic groupoid. If (G VU I) 
has no Cauchy element or Cauchy neutrosophic element then 
we call (G UI) to be a Cauchy free neutrosophic groupoid. 


(It is important to note we may have elements x in (G U I) with 
x’ =x or x"= 0 we do not list them in our definition) 


Interested reader can construct examples of them for that is not 
a difficult task. Now we proceed onto define the notion of p- 
Sylow neutrosophic subgroupoid and Sylow neutrosophic 
groupoid. 
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DEFINITION 5.1.7: Let {(G Ul) *} be a finite neutrosophic 
groupoid of order n, suppose P is a prime such that p°/n and 
pe Xn. 

If we have a neutrosophic subgroupoid T of (G UI) such 
that T is order p® then we call T to be a p-Sylow neutrosophic 
subgroupoid of {(G UI), *}. If for every prime p such that p°/o 
((G UL) and p*' X o(G UL) we have a neutrosophic 
subgroupoid of order p® then we call {(G UI), *} to be a Sylow 
neutrosophic groupoid. 

If {G Ul), *} has at least one p-Sylow neutrosophic 
subgroupoid then we call {(G UI) *} to be a weak Sylow 
neutrosophic groupoid. If for any prime p such that p* / o(G VU 
TL) and p™' X o(G UL) we don’t have an associated p-Sylow 
neutrosophic subgroupoid of order p* then we call {(G UI), *} 
to be a Sylow free neutrosophic groupoid. 


We just give some illustrative examples before we proceed 
on to define the notion of neutrosophic Bol, Bruck and P- 
groupoids. 


Example 5.1.5: Let (G U I) = {0, 1, 2, 3, I, 21, 31, 1+ 1,2 +1, 1 

+ 31,2 +31, 21+ 1, 21+ 2,3 +1, 3+ 21, 3 +31}, define a binary 
operation * on (G U I) by a * b =a + 2b (mod 4) for a, b € (G 
UT). 

Clearly o((G U J)) = 16. (G U J) has a neutrosophic 
subgroupoid of order 3 given by P = {0, 2, 2I}. It has also 
neutrosophic subgroupoid of order 4. Thus {(G U I), *} can 
only be a weakly Lagrange neutrosophic groupoid. 


We give yet another example. 


Example 5.1.6: Let (G U I) = {0, 2, 21, 1 + I, 2 + 21, 3 + 31} be 
a neutrosophic groupoid under the binary operation * where a * 
b =a + 2b (mod 4). Now o((G UD) = 6, 3 / 6 and 3” X6, 2/6 
and 2° X 6. We have P = {0, 21} a neutrosophic subgroupoid of 
order 2; for the related table is 
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| * | 0 | 20 
| 0 | 0 


iROaT 


Now consider the subset T = {0, 2, 2I}. T is a neutrosophic 
subgroupoid of order 3 given by the following table. 


Thus the neutrosophic groupoid given in this example is a 
Sylow neutrosophic groupoid. 

But this neutrosophic groupoid is not Lagrange for 
consider the set V = {0, 2, 21, 2 + 2I} given by the 
following table. 


| * | o | 2 | a | 2427 | 
po | o | o | o | oO 


o(V)=4, 4 X 6. 


Now we proceed on to define a new notion called super Sylow 
neutrosophic groupoids. 


DEFINITION 5.1.8: Let (G UI) be a neutrosophic groupoid of 
finite order. Suppose {(G U I), *} is a Sylow neutrosophic 
groupoid and if in addition for all relevant prime p such that 
plo ((G UI) and p*' \ 0 ((G UI) we have a neutrosophic 
subgroupoid of order p*"' (t = 1 and p*" <0 ((G UL) for 
atleast one ‘t’ then we call (G U I) to be a super Sylow 
neutrosophic groupoid. 
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It is interesting to note that the Sylow neutrosophic groupoid 
given in example 5.1.7 is a super Sylow neutrosophic groupoid. 
For o((G U I)) = 6, 3° =9 > 6 but 2’ X 6 by 2” < 6 and we have a 
neutrosophic subgroupoid of order 4. Hence the claim. It is still 
interesting to note that every super Sylow neutrosophic 
groupoid is a Sylow neutrosophic groupoid but a Sylow 
neutrosophic groupoid in general need not always be a super 
Sylow neutrosophic groupoid. 


Now we proceed onto define the notion of Bruck, Bol, Moufang, 
alternative and P-groupoids. 


DEFINITION 5.1.9: A neutrosophic groupoid {(G UL), *} is said 
to be a Moufang neutrosophic groupoid if it satisfies the 
Moufang identity (x * y) * (z * x) = (x* (v *z) * x for all x, y, z, 
E(G Ul). 

A neutrosophic groupoid {(G UL), *} is said to be a Bol 
neutrosophic groupoid if {(G UI), *} satisfies the Bol identity 
i.e. (x *y) *z) *y =x * ((y *z) * y) forallx, y,z € (G UT), 

A neutrosophic groupoid {(G UI) *} is said to be P- 
neutrosophic groupoid if (x * y) *x = (x * (vy * x) for allx,y € 
(G UT), 

A neutrosophic groupoid (G VU I) is said to a right 
alternative neutrosophic groupoid if it satisfies the identity (x * 
y) *y=x *(y *y) forx,y € (G UI). (G UI) is said to be left 
alterative neutrosophic groupoid if (x * x) *y =x * (x * y) for 
all x, y € (G UI) A neutrosophic groupoid is alternative if it is 
both right and left alternative simultaneously. 


Now we proceed on to define neutrosophic left ideal of a 
neutrosophic groupoid (G U I). 


DEFINITION 5.1.10: Let {(G U I) *} be a_ neutrosophic 
groupoid. A proper subset H of (G U I) is said to be a 
neutrosophic subgroupoid of (G VU I) if (H, *) itself is a 
neutrosophic groupoid. 
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A non empty subset P of the neutrosophic groupoid (G UI) 
is said to be a left neutrosophic ideal of the neutrosophic 
groupoid (G UL) if 


i. Pis aneutrosophic subgroupoid. 
ii. Forallx € (G Ul)anda € P,x*a EP. 


One can similarly define right neutrosophic ideal of a 
neutrosophic groupoid (G U I) We say P is a neutrosophic 
ideal of the neutrosophic groupoid (G Vv I) if P is 
simultaneously a left and a right neutrosophic ideal of (G UT). 


Now we proceed on to define the notion of neutrosophic normal 
subgroupoid of a neutrosophic groupoid (G U I). 


DEFINITION 5.1.11: Let (G UI) be a neutrosophic groupoid. A 
neutrosophic subgroupoid V of (G VU I) is said to be a 
neutrosophic normal subgroupoid of (G UL) if 


i. aV=Va 
il. (Vx) vy = V (xy) 
iil. y (XV) = 0x) V 


for allx,y,ae(Gul). 
A neutrosophic groupoid is said to be neutrosophic simple if 
it has no nontrivial neutrosophic normal subgroupoids. 


Now we define yet another new notion called neutrosophic 
normal groupoids. 


DEFINITION 5.1.12: Let (G UI) be a neutrosophic groupoid. 
Let H and K be two proper neutrosophic subgroupoids of G 
with H 7 K = ¢ we say H is neutrosophic conjugate with K if 
there exists a x © H such that H = xK (or Kx) (or in the 
mutually exclusive sense). 


We can define direct product of neutrosophic groupoids which 
is also a neutrosophic groupoid. 
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DEFINITION 5.1.13: Let {(G UI) *i}, (G UT), *)}, 0, (EU 
I), *,} be n neutrosophic groupoids *; binary operations defined 
on each (G; UT), i = I, 2,..., n. The direct product of (G; UI) 
(G27 UT) ..., (G, UI) denoted by (G UI) = (G; UD x (G2 UT) 
xXx (GG, UD) = (2, 22.5 2) |g € (GUDI Si Ss nj, 
component wise multiplication of G; makes (G VU I) a 
neutrosophic groupoid. 

For if g = (8% «5 By) andh = (hy, hy, ..., hy) in (G UT) then 
g *h=(g); *) hy g *ohy «5 Sn *h,). Clearly g *h € {(6 UL) 
*). Thus {(G UL), *} is a neutrosophic groupoid. 


The notion of direct product helps in finding neutrosophic 
subgroupoids, neutrosophic normal subgroupoids, neutrosophic 
ideals and also helps in construction of more and more 
neutrosophic groupoids satisfying the above conditions. In fact 
one can also relax in the definition of the direct product of 
neutrosophic groupoids we can also take some groupoids 
instead of neutrosophic groupoids. 


Example 5.1.7: Let {(G; UT), *1}, (G:, *2) and {(G; U I, *3}, 
be any three groupoids where 


(G,U I) = {0, 1, 2,1, 21,1 +1, 1+ 21,1 +2, 21 + 2} 
with *, asa *,; b =2a+ 1b (mod 3)). 
(Go, *) = {Z\2, with a * b =a+t 5b (mod 12)} and 


{G3 UD), *3} {(0, 1, 2, 3, L, 2, 3L 1+L1+21, 1+ 31,2 
+1,2+21,2+313+1,3+21,3+30,a*; 


b =2a+b (mod 4)}. 


Let 


(GUT), *} =(GiU 1) x {G2} x (GUT) = {(g1, 22, gs) | gi € G, 
or (Gj UT), 1 <i <3}. 


Let X = (Xj, X2, x3) and Y = (yj, yo, y3) € {((GUD), *}. 
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Define 
Dada (X1, X2, X3) * (Y1, Y2, ys) 
= {(K1 *1 yi), (X2 *2 Ya), (X3 *3 ys)} 
= {2x, + y; (mod 3), x2 + Sy2 (mod 12), 2x3 + y3 
(mod 4)}. 


ie. ifx =(1, 5, 1+ 31) andy =(2 + 21, 7, 31) 


x*y = (I *,,2+21, 5 *)7,1+31*; 3) 
= [(21 + 2 + 21) mod 3, (5 + 5.7 (mod 12) 
= (2 (1 +31) +31) (mod 4)] 
= (I+2,4,2+1 € ((GUD). 


In neutrosophic groupoids we can have either left inverse or left 
identity, left zero divisor and so on [Likewise right inverse, 
right identity, right zero divisor and so on]. To define inverse 
right (left) we need the notion of neutrosophic groupoids with 
right (left) identity. 


DEFINITION 5.1.14: Let {(G@ U I) *} be a_ neutrosophic 
groupoid, we say an element e € (G UL) is a left identity ife * a 
=aforalla € (G UL), similarly right identity of a neutrosophic 
groupoid can be defined. If e happens to be simultaneously both 
right and left identity we say the neutrosophic groupoid has an 
identity. 

Similarly we can say an element 0 #a € (G UI) has a right 
zero divisor ifa * b = 0 for some b 40 in (G UT) and a; in (G 
U I) has left zero divisor if b; * a; = 0 (both a; and b; are 
different from zero). We say (G UI) has zero divisor if a * b = 0 
and b *a=0 fora, b € (G UI) \ £0}. 


Now we proceed on to define the notion of centre of the 
neutrosophic groupoid (G U I). 


DEFINITION 5.1.15: Let {(G U I) *} be a neutrosophic 


groupoid, the neutrosophic centre of the groupoid (G VU I) is 
C(G UL) = {a € (G UI} \a*x =x *aforallx €(G UI}. 
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Now we proceed on to define the notion of conjugate pair in a 
neutrosophic groupoid. 


DEFINITION 5.1.16: Let {(G UTI) *} be a neutrosophic 
groupoid of order n. (n < 0). We say a,b € (G Ul)is a 
conjugate pair ifa = b * x (or x * b for some x € (G UT) 
and b =a *y (ory *a for some y € (G UL)). An element a 
in (G UL)is said to be right conjugate with b in (G UL) if 
we can find x, y € (G UI) such that a * x = band b *y = 
a(x *a=bandy *b=a). 


5.2 Neutrosophic Bigroupoids and their generalizations 


In this section we proceed on to define the new notion 
neutrosophic bigroupoids, neutrosophic N-groupoids and 
analyze some of its properties. All semigroups are groupoids i.e., 
the class of semigroups are contained in the class of groupoids. 
Likewise we can say the class of bisemigroups is contained in 
the class bigroupoids we just define and indicate how the 
definitions and other results can be extended in case of 
bigroupoid from bisemigroups. 


DEFINITION 5.2.1: Let (BN(G), *, 0) be a non empty set with 
two binary operations * and o. (BN(G), *, 0) is said to be a 
neutrosophic bigroupoid if 

BN(G) = G; UG where at least one of (G;, *) or (G2, o) is 
a neutrosophic groupoid and other is just a groupoid. G; and 
G, are proper subsets of BN(G), i.e., G; Z Go. 


Now we illustrate this by an example. 


Example 5.2.1: Let (BN(G), *, 0) be a neutrosophic bigroupoid 
with BN(G) = G; U G» where 


G, = {(Zip UD | a * b = 2a + 3b (mod 10); a, b € (Zip UD} 


and 
G, = {Z)3/a* b=3a+ 10b (mod 13); a, b € Z)3}. 
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BN(G) is a neutrosophic bigroupoid. If both (G,, *) and (Go, *) 
are neutrosophic groupoids in the above definition then we call 
BN(G) a strong neutrosophic bigroupoid. 

It is easily verified that all neutrosophic strong bigroupoids 
are neutrosophic bigroupoids but not conversely. 


Now we proceed to give an example of a strong neutrosophic 
bigroupoid. 


Example 5.2.2: Let (BN(G), *, 0) be a non-empty set such that 
BN(G) = {((Z UD UV (Zp U I) = G U G, *, o where ((Z U J), 
*) is a neutrosophic groupoid defined by a * b = 5a + 2b for all a, 
be ZUD} and {(Z1 UD), 0 is a neutrosophic groupoid given 
by ao b= 8a+ 4b (mod 12) for all a, b € (Zip U T)}. BN(G)) is 
a strong neutrosophic bigroupoid. 


As in case of neutrosophic bisemigroups we can define the 
notion of neutrosophic sub-bigroupoid and sub-bigroupoid in 
case of neutrosophic bigroupoids. In case of strong neutrosophic 
bigroupoids, we can define 3 sub-structures viz. 


1. Strong neutrosophic sub-bigroupoids. 
2. Neutrosophic sub-bigroupoids and 
3. Sub-bigroupoids 


This is a simple exercise left for the reader. 


Now we can define as in the case of neutrosophic bisemigroups 
biideals in neutrosophic bigroupoids. Here it has become 
important to mention that in case of strong neutrosophic 
bigroupoid we can have only strong neutrosophic biideal. Also, 
for any neutrosophic bigroupoid we can have only neutrosophic 
biideal. Thus a strong neutrosophic bigroupoid cannot have 
neutrosophic biideal or just biideal. Likewise a neutrosophic 
bigroupoid cannot have strong neutrosophic biideal or a biideal. 
This is the marked difference between the biideals and 
subbigroupoids in neutrosophic bigroupoids. 
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We just illustrate these situations by the following example. 


Example 5.2.3: Let BN(G) = {G; U Gy, *1, *2} where 


G, = {(Z12 UT) a neutrosophic groupoid defined by *; as a * 
b = 8a + 4b (mod 12) for all a, b € (Z)2 UI) and 

G, = {(a,b)/a, b € (Zs UD}. Component wise multiplication 
i.e., (a, b) *> (a’, b’) = (3a + a’(mod 4), (3b + b’) mod 4) 
{(a *, a’, b *, b’) where a *) a’ = 3a +a’ (mod 4). 

Let 

P, = {0, 6, 61} C G, is a neutrosophic ideal of G;. 

P, =  {2, 21)} Cc G be the neutrosophic ideal generated by 


((2, 21). 
Clearly P; U P2 is a strong neutrosophic biideal of BN(G). 


The notion of strong neutrosophic maximal bi-ideal, strong 
neutrosophic minimal biideal, strong neutrosophic quasi 
maximal biideal, strong neutrosophic quasi minimal biideal can 
be defined in case of strong neutrosophic bigroupoids. Likewise, 
neutrosophic maximal biideal, neutrosophic minimal biideal, 
neutrosophic quasi maximal biideal and neutrosophic quasi 
minimal biideal can be defined in case of neutrosophic 
bigroupoids. 


Now we proceed on to define the notion of neutrosophic N- 
groupoids. 


DEFINITION 5.2.2: Let N(G) = {G; V G VU... UG, *, ... 
*\} be a non-empty set with N-binary operations, N(G) is called 
a neutrosophic N-groupoid if some of the G;’s are neutrosophic 
groupoids and some of them are neutrosophic semigroups and 
N(G) = G; UG) UV... U Gy is the union of the proper subsets of 
N(G). 
It is important to note that a G; is either a neutrosophic 
groupoid or a neutrosophic semigroup. We call a neutrosophic 
N-groupoid to be a weak neutrosophic N-groupoid if in the 
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union N(G) = G; UG) U... U Gy some of the G;’s are 
neutrosophic groupoids, some of the G;’s are neutrosophic 
semigroups and some of the G;’s are groupoids or semigroups 
‘or’ not used in the mutually exclusive sense. The order of the 
neutrosophic N-groupoids are defined as that of N-groupoids. 
Further we call a neutrosophic N-groupoid to be commutative if 
each (G;, *;) is commutative for i = 1, 2, ..., N. 


Let (G U I) = {G, UGUGU... UG, are hens *} be a 
neutrosophic N-groupoid a proper subset P of (G U JI) is called a 
neutrosophic sub-N-groupoid if P itself under the N-operations 
of (GU I) is a neutrosophic N-groupoid. We can as in the case 
of N-groupoids define other sub N-structures like Lagrange 
neutrosophic sub N-groupoids, p-Sylow neutrosophic sub N- 
groupoid, neutrosophic normal sub N-groupoid, and conditions 
when are two neutrosophic sub N-groupoids N-conjugate and so 
on. We now just define the new notion of N-quasi loop. 


DEFINITION 5.2.3: Let (G Ul) = {G; UG) UG; VU... UGy, *), 
wy “vf be a non-empty set with N-binary operations. We call (G 
UT) a neutrosophic N-quasi loop if at least one of the (G;, *;) 
are neutrosophic loops. So a neutrosophic sub-N-quasiloop will 
demand one of the subsets P; contained G; to be a neutrosophic 
subloop. 


All properties pertaining to the sub-structures can be derived as 
in the case of neutrosophic N-groupoids. We define N-quasi 
semigroups. 


DEFINITION 5.2.4: Let (G Ul) = {G; UG; UG; U... UGy, *), 
vy *yf be a non-empty set with N-binary operations with each 
G; a proper subset of (G UI), i= 1, 2, ..,N. (GUDis a 
neutrosophic N-quasi semigroup if some of the (G, *;) are 
neutrosophic loops and the rest are neutrosophic semigroups. 


Note: We do not have in the collection any neutrosophic 
groupoid or groupoid. Likewise we define neutrosophic N-quasi 
groupoid as a non-empty set with N-binary operations *), ..., *n 
on Gi, Go, ..., Gy where (G U I) = {G; UG UG; U ... U Gy, 
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*1, ..6 *n} where (Gj, *;) are either neutrosophic groups or 
neutrosophic groupoid or used in the mutually exclusive sense. 

Further each G; is a proper subset of (GUT), i= 1, 2, ..., N. 
Now all notions defined for neutrosophic N-loops can be easily 
extended to the class of neutrosophic groupoids. 

Interested reader can work in this direction. To help the 
reader in chapter 7 if this book 25 problems are suggested only 
on neutrosophic groupoids and neutrosophic N-groupoids. All 
identities studied in case of neutrosophic loops and neutrosophic 
N-loops can also be defined and analyzed in case of 
neutrosophic groupoids. 
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Chapter Six 


MIXED NEUTROSOPHIC STRUCTURES 


Here in this chapter we define the notion of mixed neutrosophic 
structures and their dual and illustrate it with examples. We give 
only hints for definition for it can be done as a matter of routine. 

Further these mixed structures will have applications when 
the domain values are taken from different algebraic structures. 
We give examples of them so that it makes the reader 
understand the concept easily. This chapter has only one section. 


DEFINITION 6.1.1: Let {MM UD =M, UM vu... UM, *, ..., 
*V}, (N 25) we call (M UI) a mixed neutrosophic N-structure if 


i. (MUD=M, VM, VU... UMn, each M; is a proper 


subset of (M UT). 

ii. Some of (M,, *;) are neutrosophic groups. 

iii. Some of (M,, *;) are neutrosophic loops. 

iv. Some of (Mj, *;.) are neutrosophic groupoids. 

v. Some of (M,, *,.) are neutrosophic semigroups. 

vi. Rest of (M, *,) can be loops or groups or semigroups 
or groupoids. (‘or’ not used in the mutually exclusive 
sense 


(From this the assumption N = 5 is clear). 


Example 6.1.1: Let (MU TI) = {M; U My U M3 U My U Ms U 
Mg, *1, *2, *3, *4, *5, *6} where 
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(M,,*:) = (L5(3)U TD aneutrosophic loop. 


(Mp, *2) = (ZU TD) under addition, a neutrosophic group. 

(M3, *3) = (Zio U D, Zio semigroup under multiplication 
modulo 10. 

(Ma, *4) = (Z6 U I) = {0, 1, 2, 3, 4, 5,1, 2I, 3], 4I, 5I/a *y b 
= (2a + 3b) (mod 6)}. 

Ms = Sq, a group. 

Ms = Zs, semigroup under multiplication modulo 8. 


(M U I) is a mixed neutrosophic 6-structure. 
Now we define the mixed dual neutrosophic N-structure. 


DEFINITION 6.1.2: {(D Ul) =D; UD) Vv... UDy, *, * os; 
*\}, N 25 be a non empty set on which is defined N-binary 
operations. We say (D UI) is a mixed dual neutrosophic N- 
structure if the following conditions are satisfied. 


i. (DUD =D, UD; VU... U Dy where each D; is a 
proper subset of (D UI) 


ii. For some i, (Dj, *;) are groups 
iii. For some j, (Dj, *;) are loops 

iv. For some k, (Dy *;) are semigroups 

v. For some t, (D, *;) are groupoids. 

vi. The rest of (Diy *n) are neutrosophic groupoids or 


neutrosophic groups or neutrosophic loops or 
neutrosophic semigroup ‘or’ not used in the mutually 
exclusive sense. 


We illustrate this by the following example. 

Example 6.1.2: Let {(D U I) = D, U D, U D; U D, L Ds, re *,, 
* 3. eA *5} where D, = L; (2), D, = Aa, D; = S@), D, = {Zio such 
that a *, b = 2a + 3b (mod 10)} and Ds; = (L7 (3) UT). (DUD is 


a mixed dual neutrosophic 5-structure. 


Now we proceed on to define weak mixed neutrosophic N- 
structure. 
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DEFINITION 6.1.3: Let W UI) = {W, UW VU... UWn, *), *, 
wy “yf be a non empty set with N-binary operations *),..., *y. 
(W UTD) is said to be a weak mixed neutrosophic structure, if the 
following conditions are true. 


i. W UD=W, UW Uv... UWy is such that each W; is 


a proper subset of (WW UT). 

ii. Some of (W; *,) are neutrosophic groups or 
neutrosophic loops. 

iii. Some of (W;, *) are neutrosophic groupoids or 
neutrosophic semigroups 

iv. Rest of (W;, *;) are groups or loops or groupoids or 


semigroups. i.e. In the collection {W, *; all the 4 
algebraic neutrosophic structures may not be present. 


At most 3 algebraic neutrosophic structures are present and 
atleast 2 algebraic neutrosophic structures are present. Rest 
being non neutrosophic algebraic structures. 


We just illustrate this by the following example. 


Example 6.1.3: Let (WU I) = {Wi U W2 U W3U Wa U Ws, *1, 
to: *3, * *5} where 


W, =~ (L;53)UD, 

W, = {(Z12 U I) semigroup under multiplication modulo 
12}, 

W3 = S3, 

Wa = N) (5) and 

Ws = {Ze | a *s b = 2a + 4b (mod 6}. 


(W U I) is a weakly mixed neutrosophic 5-structure. 

We can define dual of weakly mixed neutrosophic N-structure. 
DEFINITION 6.1.4: Let {V UD) =V; Un uv... UV, *, ..., 
*\} be anon empty set with N-binary operations. We say V U 


I) is a weak mixed dual neutrosophic N-structure if the 
following conditions are true. 
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i. VUD=V; UV, U..U Vy is such that each V; is a 


proper subset of V UI) 
ii. Some of (V;, *;) are loops or groups 
iii. Some of (V;, *;) are groupoids or semigroups 
iv. Rest of the (V;, *,) are neutrosophic loops or 


neutrosophic groups or neutrosophic groupoids or 
neutrosophic semigroups. 


Example 6.1.4: Let {(V U I) =V,UV2U V3 VU Va, eae *,, *,. 
*,h where Vi,=L, (3), Vi= S3. V3= S(5) and V4a= {(Lis (8) U 
I)}. Clearly (V U I) is a weakly mixed neutrosophic 4-algebraic 
structure. 


We define order of the mixed neutrosophic N-structure (M U I) 
as the number of distinct elements in (M U I). 

Now we define sub N-structure for one class clearly it can 
be done to all other structures with appropriate modifications. 


DEFINITION 6.1.5: Let {(M UI) = M; UM? vu... UMy, *)... 
*\y} where (M VU I) is a mixed neutrosophic N-algebraic 
structure. We say a proper subset {(P UI) =P; UP? U... UPn, 
*), “yf is a mixed neutrosophic sub N-structure if (P U I) 
under the operations of (M VU I) is a mixed neutrosophic N- 
algebraic structure. 


We illustrate them by the following examples. 


Example 6.1.5: Let {(M UD =M; U My) U M3 U Mg U Ms U 


Me, *1, “2, *3, *4, *5, *6} be a mixed neutrosophic 6-structure, 

where 

M, = (L5(3)UD, 

M, = — ({I,2I, 1, 2 multiplication modulo 3}, 

Mz; = {(Z6 UI); neutrosophic semigroup under 
multiplication modulo 6}, 

Ms, =~ {0, 1, 2,3, 1, 21, 31, a * b(2a+b) mod 4}, 

M; = S3 and 
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Mes =  {Zio, semigroup under multiplication modulo 10}. 


Take (W U I) a {W\ U W2U W3 U0 Wa U Ws U We, * 1, *,, * 3. 
*4, 5, “o} where 


WwW, = fel, 2I, e, 2}, 
W> a {I, 1}, 

W3 = {0, 3, 31}, 

Ws = {0, 2, 21}, 

Ws = {A3} and 

Ws = {0,2,4,6, 8}. 


Clearly W is a mixed neutrosophic sub N-structure. 


It is important to note that a mixed neutrosophic N-structure can 
have weak mixed neutrosophic sub N-structure. But a weak 
mixed neutrosophic sub N-structure cannot in general have a 
mixed neutrosophic sub N structure. 


Example 6.1.6: Let {(W U I) = W, U W2 UV W3 U0 Wa U Ws U 


Wo, *1, ---> *n} be a mixed neutrosophic 6-structure, where 

W, =~ «L;(3) UD) 

W. =~ {1,2,1, 2B, 

W; =~ {(Z6 U I); Zs U I semigroup under multiplication 
modulo 6}, 

Wa = {((Zg UT), a *4b = 2a + 6b (mod 8)} 

Ws = {g|g*=1} and 

Wo = {S3}. 


(W UI) is a mixed neutrosophic 6-structure. 


Take {(T U I) =T,UT,UT; UT, U Ts U To} where T,= 
{e, el, 3, 31h, TL = {1, 2}, T3= {0, 3, 3], I}, Ty = {Zs}, T5= {1, 
g’} and Ts = {A3}, (T UI) is a weak mixed neutrosophic sub 6- 
structure which is not a mixed neutrosophic substructure. 


Now we proceed on to define weak mixed deficit neutrosophic 
sub N-structures. 
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DEFINITION 6.1.6: Let WUD) = {W, UW, VU... UWn, *, *, 
 *yf be a mixed neutrosophic N-structure. We call a finite 
non empty subset P of WU I), to be a weak mixed deficit 
neutrosophic sub N-structure if P = {P; UP) VU... UP, *), ..; 
*}, 1 <t<Nwith P; = POL, 1<i<tand 1<k<WN and some 
P;’s are neutrosophic groups or neutrosophic loops some of the 
P;’s are neutrosophic groupoids or neutrosophic semigroups 
and rest of the P;,’s are groups or loops or groupoids or 
semigroups. 


Example 6.1.7: Let (M U I) = {M; UM) U ...U Me, *1,...5 *o} 
where 


M, = {(Ls(3) UD}, 

M2 = {(Zo UT), semigroup under multiplication modulo 6}, 

M; = {1, 2, 3, 4, I, 21, 31, 41, neutrosophic group under 
multiplication modulo 5}, 

M, = {0, 1, 2, 3, I, 21, 31 neutrosophic groupoid with binary 
operation *4 such that a *, b (3a + 2b) (mod 4)}, 

Ms = Zi2, group under ‘+’ and 

Me = {Z4, semigroup under multiplication modulo 6}. 


Take P = P; U P2, U P3 U Py U Ps where P, = fe, el, 2, 21}, P2 = 
{3, 31}, Ps = {1, 2, 3, 4}, Pa = {0, 2, 21}, Ps = {0, 2} C Meu. 
Clearly P is a weak deficit mixed neutrosophic sub 6-stucture of 
MUL 


Now we just hint how to define Lagrange substructures. 


DEFINITION 6.1.7: Let (M UI) = {M, UM) Uv ...U My, *), ..., 
*\} be a mixed neutrosophic N-structure of finite order. A 
proper subset P of (M U I) which is neutrosophic sub N- 
structure is said to be Lagrange if o(P) / o((M UTL)). If every 
mixed neutrosophic sub N-structure is Lagrange then we call 
(M UI) to be a Lagrange mixed neutrosophic N-structure. 
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If (M U I) has no Lagrange mixed neutrosophic structure 
then we call (M U I) to be a free Lagrange neutrosophic N- 
structure. 


Now on similar lines we define Lagrange weak deficit mixed 
neutrosophic sub N structure and Lagrange weak deficit mixed 
neutrosophic N-structure. 


DEFINITION 6.1.8: Let {M UD =M, UM. VU ...UMy, *p..., 
*\} be a mixed neutrosophic N-structure of finite order. We call 
a proper subset P = {P; UP; UV... UP, 1 <t <N} which is weak 
mixed neutrosophic sub N-structure to be Lagrange if o(P) / 
o(M Ul). 

If every proper subset of P which is a weak mixed 
neutrosophic sub N-structure is Lagrange then we call M UI to 
be a Lagrange mixed weak neutrosophic N-structure. If (M UI) 
has atleast one Lagrange mixed weak neutrosophic sub N- 
structure then we call (M UI) to be a weak Lagrange mixed 
weak neutrosophic N-structure. If (M UI) has no Lagrange 
mixed weak neutrosophic sub N-structure then we call (M UI) 
to be a Lagrange free mixed weak neutrosophic N-structure. 


Now on similar lines we define the notion of Lagrange, weak 
Lagrange and Lagrange free in case of weak mixed deficit 
neutrosophic N-structure. Thus this work is left as an exercise 
for the reader! One can easily construct examples of these. Now 
we define Sylow structure for the mixed neutrosophic N- 
structure as follows. 


DEFINITION 6.1.9: Let {(M UI) =M, UM, Vv... UMy, *), ..., 
*\} be a mixed neutrosophic N-structure of finite order. Let p be 
a prime such that p* / o(MUL) and p*' X o(MUL). If (MU 
I) has a subset P which is a mixed neutrosophic substructure of 
order p“ then we call P a p-Sylow mixed neutrosophic sub N- 
Structure. 

If for every prime p, with p® / o((M VU I)) and p 
o((M UI) we have a p-Sylow mixed neutrosophic sub N- 
structure then we call (M UI) to be Sylow mixed neutrosophic 


atl X 
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N-structure. If (M Uv I) has atleast one p-Sylow mixed 
neutrosophic sub N-structure then we call (M UI) to be a weak 
Sylow mixed neutrosophic N-structure. If (M VU I) has no p- 
Sylow mixed neutrosophic sub N-structure then we call (M UI) 
to be a Sylow free mixed neutrosophic N-structure. 


On similar lines we can define Sylow mixed weak neutrosophic 
N-structure, weak Sylow mixed weak neutrosophic N-structure 
and Sylow free mixed weak neutrosophic N-structure. In the 
same way Sylow deficit mixed neutrosophic N-structure and so 
on can be defined. 

We just define the notion of Cauchy neutrosophic element 
and Cauchy element of a mixed neutrosophic N-structure. 


DEFINITION 6.1.10: Let (M UID) = {M, UM, vu .... UMy, *),..., 
*\} be a mixed neutrosophic N-structure of finite order. We say 
an element x © (M UI) is a Cauchy element if x" = 1 and n/ 
o((M UI). Ify € (M UI) with y" = I and m/o((M UI) then 
we call y a Cauchy neutrosophic element of (M UT). 


Several interesting properties as in case of other neutrosophic 


N-structures can be derived for mixed neutrosophic N-structure 
also. 
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Chapter Seven 


PROBLEMS 


In this chapter some problems about the neutrosophic structures 
and their neutrosophic N-structures (N = 2) are given. It has 
become essential to mention here that in this book lots about 
neutrosophic semigroup and neutrosophic loops and_ their 
generalizations have been dealt with; we have restrained 
ourselves from elaborately dealing with neutrosophic groupoids. 
Further as the class of groupoids contains the class of 
semigroups an associative structure and also it contains the class 
of loops we have given a very few definitions about 
neutrosophic groupoids and their generalization. As our main 
motivation is to make the reader do problems about 
neutrosophic groupoids and their generalizations, we have given 
nearly 25 problems. 

We wish to state here throughout the text we have given 
problems then and there in the text for the reader. Most of them 
are simple exercises. 


Can one extend biorder to N-order in case of a neutrosophic 
N-group? 


Define N-centre of a neutrosophic N-order and illustrate 
with examples. 


Construct a neutrosophic 4-group isomorphism @ from (G U 
I) to itself where (G UT) = {Agu {1, 2,1 +1, 14+ 21,24], 
21 + 2, I, 21, 0} U(g/g’=e) vu {1, 2, 3, 4, L, 21, 31, 41}} for 
which Ker @ is a non trivial sub-4-group. 
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10. 


11. 


12. 


i. | Does the neutrosophic 4-group given in problem (3) 
have anti Cauchy elements? 
ii. Is ita semi Cauchy neutrosophic 4-group? 
iii. Is ita weakly Cauchy neutrosophic 4-group? 
iv. Does it have Cauchy neutrosophic elements? 
v. Does it have Lagrange sub 4 group? 
vi. Does it have p-Sylow sub 4-group? 


Is (G U I) given in problem 3, page 195 a Sylow 
neutrosophic 4-group? Justify your claim. 


Can (G UD = {0, 1, 2,1 +1,2 +1, 21+ 1, 21+ 2,1, 21} U 
{S4}U{D25}} have normal neutrosophic 3-groups? Find its 
neutrosophic sub-3 groups? Is this 3-group super Sylow? 
Justify your claim? 


Give an example of a neutrosophic 3-group having a (2, 7, 
5) Sylow neutrosophic sub-3-group. 


Give an example of a neutrosophic 4-group having a (3, 5, 7, 
11)-Sylow sub-4-group. 


Find the means to find the number of (py, ..., px)- Sylow 
neutrosophic sub N-group of a neutrosophic N-group ((G U 
Ih =(G,uU I) U (Gp U I) ND 554 ND (Gn U I), * 1, cer, *N). 


Prove or disprove (pj, ..., px)-Sylow neutrosophic sub N- 
groups are conjugate? 


Find a necessary and sufficient condition for any two (py, ..., 
Pn)- Sylow neutrosophic sub N-groups to be conjugate? 


Does their exists a (2, 2, 2, 2, 2) - Sylow sub neutrosophic 
5-group? 
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20. 


21. 


22, 


When does the order of every neutrosophic subgroup P of 
N(G) divide the order of the finite neutrosophic group 
N(G)? Characteristic them! 


When does the order of every pseudo neutrosophic (sub) 
group L of N(G) divide the order of the finite neutrosophic 
group N(G)? Characterize them. 


Can conditions be put on N(G) or its neutrosophic subgroup 
(or pseudo neutrosophic subgroup)so that the partition of (G 
U I) is possible by right or left cosets? 


Give examples of neutrosophic Moufang biloops. 


Does their exist a Cauchy neutrosophic biloop which is 
Bruck? 


Define the following: 
i. S-neutrosophic Bruck biloop 
ii. | S-neutrosophic Bol biloop 
iii. | S-neutrosophic WIP-biloop 
iv. S-neutrosophic Alternative biloop, 


by giving examples of each. 


Define a neutrosophic normal sub N-loop. Give examples of 
them. 


Define neutrosophic simple N-loop. Give examples. 
Is (L U I) = {L; UL, U L3, * i, *,, *, where L,= {L;(3) U 
I), L:= $3 and L;= (g | g°= 1); a neutrosophic simple 3- 


loop? Justify your answer. 


Define Lagrange (N — t) deficit neutrosophic sub-N-group; 
illustrate this with examples. 
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23. 


24. 


25: 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


Define Sylow (N — t) deficit neutrosophic sub N-group and 
give examples. 


Define Lagrange (N — t) deficit neutrosophic sub N- 
groupoid. Give examples of them. 


Define Lagrange (N — t) deficit neutrosophic sub N- 
semigroup. Give some examples. 


Find all the (5 — t), t < 5, Lagrange deficit neutrosophic 5 
subloops of the neutrosophic 5-loop. (L U I) = (LU Li U 
L; UL, U Ls, * 1, *,, * 3. *4) where L,= (L;(3) U I), L,= 
(L7(4) U I) A L3= S3, Ly= Ag and Ls5= Do7. 


For the problem (26) find all Sylow (5 — t), (t < 5) deficit 
neutrosophic 5-sub-loops. 


Define deficit Cauchy and deficit Cauchy neutrosophic 
elements of a finite neutrosophic N-Loop. 


Does their exist a class of neutrosophic groupoids which are 
inner commutative? 


Define neutrosophic Moufang groupoids? 


Is the groupoid {(Z, U I) | a * b = 3a + 4b (mod 7), a, b € 
(Z7 U T)} a neutrosophic Moufang groupoid? 


Define the following and illustrate them with examples. 


i.  neutrosophic P-groupoid 
ii. | neutrosophic Bol groupoid 
ili. | neutrosophic WIP-groupoid 
iv. _ neutrosophic alternative groupoid. 


Does the neutrosophic groupoid N(G) = {(Zj2 UT) | a * b= 


2a + 4b (mod 12) for a, b € (Zi. UI)} fall under any one of 
the following four classes given in the above problem? 
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34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


Give an example of neutrosophic bigroupoid which is 
Moufang. 


Define a left (right) alternative neutrosophic bigroupoid and 
give an example of neutrosophic bigroupoid not alternative 


but only left (or right) alternative. 


Does their exists a neutrosophic bigroupoid which is both 
WIP and Moufang? Justify your claim! 


Give an example of Lagrange neutrosophic bigroupoid. 
Give an example of Sylow neutrosophic bigroupoid. 

Does their exist a Sylow neutrosophic bigroupoid which is 
not a Lagrange neutrosophic bigroupoid. Justify your 
answer! 

Can one say their can be a relation between Sylow 
neutrosophic bigroupoid and Lagrange neutrosophic 


bigroupoid? 


Give an example of a weak Lagrange neutrosophic 
bigroupoid. 


Prove all neutrosophic bigroupoids of prime order are 
Lagrange free and Sylow free neutrosophic bigroupoids. 


Define Cauchy elements and Cauchy neutrosophic elements 
in a finite neutrosophic bigroupoid. Illustrate with examples. 


Define neutrosophic biideals in a neutrosophic bigroupoid. 


Does the strong neutrosophic bigroupoid have just 
neutrosophic biideals; justify your claim. 


Define neutrosophic N-groupoids which are 


i. Lagrange neutrosophic N-groupoids 
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47. 


48. 


49. 


50. 


51. 


52. 


53. 


ii. | Weak Lagrange neutrosophic N-groupoids 
iii. | Lagrange free neutrosophic N-groupoids 


give examples of each. 


Define neutrosophic normal sub N-groupoid of a 
neutrosophic N-groupoid. Give an example of each of the 


i. neutrosophic N-groupoid having a neutrosophic 
normal sub N-groupoid. 

ii. neutrosophic N-groupoid which has no 
neutrosophic normal sub N-groupoid. (i.e., simple 
neutrosophic N-groupoid) 


Give an example of finite neutrosophic N-groupoid which is 
Lagrange. 


Give an example of finite neutrosophic N groupoid of 
composite order which has no Cauchy element or Cauchy 


free element. 


Define neutrosophic N-ideals in a neutrosophic N-groupoid 
and illustrate with examples. 


Give an example of a (3, 7, 2, 3, 5) - Sylow neutrosophic 
sub 5 groupoid of a 5-groupoid. 


Define (N — t) deficit neutrosophic sub N groupoid and 
illustrate it with examples. 


Give an example of (9 — 3) deficit neutrosophic sub 9 
groupoid. 
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A 


Alternative loop, 15 

Anti Cauchy element of a neutrosophic loop, 118 

Anti Cauchy element of a neutrosophic N-group, 76 
Anti-Cauchy element of a neutrosophic loop, 132-3 
Anti-Cauchy element of a neutrosophic N-loop, 157-8 
Anti-Cauchy neutrosophic element of neutrosophic loop, 132-3 
Associator, 13-4 


B 


Bol groupoid, 25 

Bol loop, 15 

Bruck loop, 15 

Bruck neutrosophic N-loop, 159 
Bruck N-loop, 23 


C 


Cauchy element of a neutrosophic group, 45 

Cauchy element in a neutrosophic bigroup, 57-8, 64-5 
Cauchy element of a neutrosophic biloop, 137-8 
Cauchy element of a neutrosophic loop, 118, 132-3 
Cauchy element of a neutrosophic N-group, 76 
Cauchy element of a neutrosophic N-loop, 157-8 
Cauchy free neutrosophic bigroup, 57-8 

Cauchy free neutrosophic bisemigroup, 96 

Cauchy free neutrosophic groupoid, 175 

Cauchy free neutrosophic loop, 118 
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Cauchy free neutrosophic N-loop, 158 

Cauchy free strong neutrosophic bigroup, 64-5 

Cauchy free strong neutrosophic N-group, 76-7 

Cauchy neutrosophic bigroup, 57-8 

Cauchy neutrosophic biloop, 137-8 

Cauchy neutrosophic bisemigroup, 96 

Cauchy neutrosophic element in a neutrosophic bigroup, 57-8 
Cauchy neutrosophic element in a neutrosophic strong bigroup, 64 
Cauchy neutrosophic element of a neutrosophic biloop, 137-8 
Cauchy neutrosophic element of a neutrosophic group, 45 
Cauchy neutrosophic element of a neutrosophic groupoid, 175 
Cauchy neutrosophic element of a neutrosophic loop, 118, 132-3 
Cauchy neutrosophic element of a neutrosophic N-group, 76-7 
Cauchy neutrosophic groupoid, 175 

Cauchy neutrosophic loop, 132-3 

Cauchy neutrosophic group, 45-6 

Cauchy neutrosophic N-group, 73 

Cauchy strong neutrosophic bigroup, 64-5 

Cauchy strong neutrosophic N-group, 76-7 

Cauchy strong neutrosophic N-loop, 165-6 

Cauchy theorem, 9 

Cayley theorem, 9 

Center of a neutrosophic group, 51 

Commutative neutrosophic group, 48-9 

Commutative neutrosophic groupoid, 173 

Commutative neutrosophic loop, 116 

Commutative neutrosophic N-groupoid, 185 

Commutative N-group semigroup, 32-3 

Commutative N-loop groupoid, 34 

Commutative strong neutrosophic bigroup, 59, 61 
Commutator subloop, 13 

Conjugate neutrosophic subbigroups, 57-8 

Conjugate neutrosophic subbisemigroups, 98, 112 

Conjugate pair in a groupoid, 27, 182 

Conjugate subgroupoids, 27 


D 


Diassociative loop, 15 
Direct product of a neutrosophic group, 51 


208 


Direct product of groupoids, 27 
Direct product of neutrosophic groupoids, 179-180 


F 


Finite neutrosophic bigroup, 53-4 

Finite neutrosophic bisemigroup, 94 

Finite neutrosophic groupoid, 173 

Finite strong neutrosophic N-group, 69 

Free Sylow neutrosophic bigroup, 57 

Free Sylow pseudo neutrosophic group, 46-7 


G 


G-N-loop, 24-5 


I 


Idempotent groupoid, 26 

Idempotents in a neutrosophic N-semigroup, 108 
Indeterminate, 39 

Infinite neutrosophic bigroup, 53-4 

Infinite neutrosophic bisemigroup, 94 

Infinite N-groupoid, 30 

Inner commutative N-loop, 22-3 


L 


Lagrange free mixed weak neutrosophic N-structure, 193 
Lagrange free neutrosophic biloop, 135-6 

Lagrange free neutrosophic bisemigroup, 94-5 

Lagrange free neutrosophic group, 43-4 

Lagrange free neutrosophic groupoid, 175 

Lagrange free neutrosophic loop, 117, 131 

Lagrange free neutrosophic N-group, 71-2 

Lagrange free neutrosophic N-loop, 155 

Lagrange free neutrosophic subbigroup, 56 
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Lagrange free strong neutrosophic bigroup, 63-4 
Lagrange free strong neutrosophic N-group, 71-2 
Lagrange free strong neutrosophic N-loop, 163 
Lagrange mixed neutrosophic N-structure, 192-3 
Lagrange mixed neutrosophic sub N-structure, 192-3 
Lagrange neutrosophic (N — t) deficit N-loop, 168-9 
Lagrange neutrosophic (N — t) deficit sub N-loop, 168-9 
Lagrange neutrosophic bigroup, 56 

Lagrange neutrosophic biloop, 135-6 

Lagrange neutrosophic bisemigroup, 94-5 

Lagrange neutrosophic group, 43-4 

Lagrange neutrosophic groupoid, 175 

Lagrange neutrosophic loop, 117, 131 

Lagrange neutrosophic N-loop, 155 

Lagrange neutrosophic sub N-group, 71-2 
Lagrange neutrosophic sub N-loop, 155 

Lagrange neutrosophic subbigroup, 56 

Lagrange neutrosophic subbiloop, 135-6 

Lagrange neutrosophic subbisemigroup, 94-5 
Lagrange neutrosophic subgroup, 43-4 

Lagrange neutrosophic subgroupoid, 175 

Lagrange neutrosophic subloop, 117, 131 
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Lagrange N-loop groupoid, 35 
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Lagrange strong neutrosophic N-group, 71-2 
Lagrange strong neutrosophic N-loop, 163 
Lagrange strong neutrosophic sub N-group, 71-2 
Lagrange strong neutrosophic sub N-loop, 163 
Lagrange strong neutrosophic subbigroup, 63-4 
Lagrange theorem, 8 

Lagrange weak mixed neutrosophic sub N-structure, 193 
Left alternative loop, 15 

Left coset of neutrosophic subgroup, 48 

Left ideal of a groupoid, 27 

Left identity in a groupoid, 27 

Left zero-divisor in a groupoid, 27 
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M 


Mixed dual neutrosophic N-structure, 188 
Mixed N-algebraic structure, 7, 32 
Mixed neutrosophic N-structure, 187-8 
Mixed neutrosophic sub N-structure, 190 
Moufang center, 14 

Moufang groupoid, 25 

Moufang loop, 15 

Moufang N-centre, 23 

Moufang neutrosophic groupoid, 178 
Moufang neutrosophic N-loop, 159, 166 
Moufang N-loop groupoid, 35 

Moufang N-loop, 22-23 


N 


N-ary idempotent, 108 

N-ary invertible elements, 111 

N-ary zero divisor, 109 

N-centre in N-groupoids, 31-2 
N-commutator, 24 

N-conjugate groupoids, 31 

Neutrosophic (N — t) deficit N-subloop, 167 
Neutrosophic alternative biloop, 145 
Neutrosophic alternative groupoid, 178 
Neutrosophic alternative loop, 126 
Neutrosophic alternative N-loop, 159 
Neutrosophic bicentre of a bigroup, 58 
Neutrosophic bigroup, 39, 52-3 
Neutrosophic bigroupoids, 182 
Neutrosophic biideal, 90-1 
Neutrosophic biloop, 133-4 
Neutrosophic biloop type IT, 150 
Neutrosophic bisemigroup, 88-9 
Neutrosophic Bol biloop, 143-4 

Neutrosophic Bol loop, 125-6 

Neutrosophic Bruck loop, 125 

Neutrosophic center of the groupoid, 181-2 
Neutrosophic conjugate subgroupoid, 179-180 
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Neutrosophic conjugate subgroups, 47 
Neutrosophic cyclic ideal of a semigroup, 85 
Neutrosophic element of a neutrosophic group, 44 
Neutrosophic element, 39 

Neutrosophic free element of a neutrosophic group, 44 
Neutrosophic groupoids, 171-2 

Neutrosophic groups, 39-40 

Neutrosophic ideal of a semigroup, 85 
Neutrosophic ideal of groupoid, 178-9 
Neutrosophic idempotent of a neutrosophic group, 44 
Neutrosophic idempotent semigroup, 87 
Neutrosophic idempotent subsemigroup, 87 
Neutrosophic Lagrange semigroup, 82 
Neutrosophic left (right) alternative groupoid, 178 
Neutrosophic left alternative biloop, 145 
Neutrosophic left alternative loop, 126 
Neutrosophic left alternative N-loop, 159 
Neutrosophic loops, 113-4 

Neutrosophic maximal biideal, 90-1 
Neutrosophic maximal ideal of a semigroup, 85 
Neutrosophic maximal N-ideal, 103-5 
Neutrosophic minimal N-ideal, 103-5 
Neutrosophic monoid, 83-4 

Neutrosophic Moufang biloop, 140 
Neutrosophic Moufang loop, 125 

Neutrosophic N-group, 39, 68 

Neutrosophic N-groupoids, 184-5 
Neutrosophic N-loop of level II, 154-5 
Neutrosophic N-loop, 113, 152-153 
Neutrosophic normal sub N-loop, 160-1 
Neutrosophic normal subbigroup, 55 
Neutrosophic normal subbiloop, 148-9 
Neutrosophic normal subgroup, 47 
Neutrosophic normal subgroupoid, 179 
Neutrosophic N-quasi loop, 185 

Neutrosophic N-semigroup, 81, 98-9 
Neutrosophic N-subsemigroups, 100 
Neutrosophic principal ideal of a semigroup, 85 
Neutrosophic right alternative biloop, 145 
Neutrosophic right alternative loop, 126 
Neutrosophic right alternative N-loop, 159 
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eutrosophic semigroup, 81-2 
eutrosophic strong biideal, 90-1 
eutrosophic strong bimonoid, 92 


eutrosophic strong bisemigroup, (strong neutrosophic 
bisemigroup), 89-90 


eutrosophic strong maximal biideal, 90-1 
eutrosophic strong Moufang N-loop, 166-7 
eutrosophic strong N-ideal, 103-4 
eutrosophic strong N-semigroup, 101 
eutrosophic strong quasi maximal N-ideal, 103-4 
eutrosophic strong quasi minimal N- ideal, 103-5 
eutrosophic strong right N-ideal, 103-4 
eutrosophic strong sub N-loop, 163 
eutrosophic strong sub N-semigroup, 101 
eutrosophic strong subbisemigroup, 89-90 
eutrosophic sub N-group, 69-70 

eutrosophic sub N-loop, 153 

eutrosophic subbigroup, 54 

eutrosophic subbiloop, 133-4 

eutrosophic subbisemigroup, 88-9 
eutrosophic subgroup, 41 

eutrosophic subgroupoid, 173 

eutrosophic subloop, 113-4 

eutrosophic submonoid, 83-4 

eutrosophic subsemigroups, 82-3 
eutrosophic symmetric semigroup, 85-6 
eutrosophic unit of a neutrosophic group, 44 
eutrosophic WIP-loop, 126, 113 

ew class of groupoids, 28 

ew class of neutrosophic biloop type II, 151 
ew class of neutrosophic biloops, 139 

ew Class of neutrosophic loops, 115-6 

-glsg, 36-7 

-group homomorphism, | 1 

-group semigroup, 32 

-groupoids, 7, 25, 30 

-groups, 7, 10 

-homomorphism of neutrosophic N-groups, 79 
-loop groupoid homomorphism, 35-6 

-loop groupoid, 33-4 

-loop homomorphisms, 24 
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N-loops, 7, 12, 22 

N-M-loop groupoid homomorphism, 36 
Normal neutrosophic subloop, 124 
Normal N-subgroup semigroup, 33 
Normal sub N-groupoid, 31 

Normal sub N-loop groupoid, 35 
Normal sub N-loop, 23 

Normal subgroupoid, 26 

Normal subloop, 13 

Normaliser in a neutrosophic bigroup, 66 
N-quasi loop, 185-6 

N-quasi semigroup, 185 

N-semigroups, 7, 11-2 

N-subgroup of a N-group semigroup, 33 
N-subsemigroup, 33 


O 


Order of a neutrosophic semigroup, 82-3 


P 


P-groupoid, 25 

Power associative loop, 15 

Pseudo Lagrange free neutrosophic group, 43-4 
Pseudo Lagrange neutrosophic group, 43-4 

Pseudo Lagrange neutrosophic subgroup, 43-4 
Pseudo left coset of a neutrosophic subgroup, 50 
Pseudo neutrosophic group, 41 

Pseudo neutrosophic subgroup, 41 

Pseudo neutrosophic torsion element of a neutrosophic group, 44-5 
Pseudo normal neutrosophic subgroup, 47-8 

Pseudo p-Sylow strong neutrosophic sub N-loop, 165 
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